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Abstract. This paper presents a provably correct method for robot
navigation in 2D environments cluttered with familiar but unexpected
non-convex, star-shaped obstacles as well as completely unknown, con-
vex obstacles. We presuppose a limited range onboard sensor, capable of
recognizing, localizing and (leveraging ideas from constructive solid ge-
ometry) generating online from its catalogue of the familiar, non-convex
shapes an implicit representation of each one. These representations un-
derlie an online change of coordinates to a completely convex model plan-
ning space wherein a previously developed online construction yields a
provably correct reactive controller that is pulled back to the physically
sensed representation to generate the actual robot commands. We extend
the construction to differential drive robots, and suggest the empirical
utility of the proposed control architecture using both formal proofs and
numerical simulations.
Keywords: Motion and Path Planning · Collision Avoidance · Vision
and Sensor-based Control.
1 Introduction
1.1 Motivation and Prior Work
Recent advances in the theory of sensor-based reactive navigation [2] and its
application to wheeled [3] and legged [35] robots promote its central role in
provably correct architectures for increasingly complicated mobile manipulation
tasks [36, 37]. The advance of the new theory [2] over prior sensor-based col-
lision avoidance schemes [5–8, 10, 12, 16, 23, 33] was the additional guaranteed
convergence to a designated goal which had theretofore only been established
for reactive planners possessing substantial prior knowledge about the environ-
ment [21, 28]. A key feature of these new (and other recent parallel [15, 24])
? This work was supported by AFRL grant FA865015D1845 (subcontract 6697371).
The authors thank Dr. Omur Arslan for many formative discussions and for sharing
his simulation and presentation infrastructure.
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approaches is that they trade away prior knowledge for the presumption of sim-
plicity: unknown obstacles can be successfully negotiated in real time without
losing global convergence guarantees if they are “round” (i.e., very strongly con-
vex in a sense made precise in [3]). The likely necessity of such simple geometry
for guaranteed safe convergence by a completely uninformed “greedy” reactive
navigation planner is suggested by the result that a collision avoiding, distance-
diminishing reactive navigation policy can reach arbitrarily placed goals in an
unknown freespace only if all obstacles are “round” [3, Proposition 14].
This paper offers a step toward elucidating the manner in which partial
knowledge may suffice to inform safe, convergent, reactive navigation in geomet-
rically more interesting environments. Growing experience negotiating learned
[13] or estimated [18,34] environments suggests that reasonable statistical priors
may go a long way toward provable stochastic navigation. But in this work we
are interested in what sort of deterministic guarantees may be possible. Recent
developments in semantic SLAM [9] and object pose and triangular mesh ex-
traction using convolutional neural net architectures [17, 19, 25] now provide an
avenue for incorporating partial prior knowledge within a deterministic frame-
work well suited to the vector field planning methods reviewed above.
1.2 Contributions and Organization of the Paper
We consider the navigation problem in a 2D workspace cluttered with unknown
convex obstacles, along with “familiar” non-convex, star-shaped obstacles [27]
that belong to classes of known geometries, but whose number and placement
are unknown, awaiting discovery at execution time. We assume a limited range
onboard sensor, a sufficient margin separating all obstacles from each other and
the goal, and a catalogue of known star-shaped sets, along with a “mapping
oracle” for their online identification and localization in the physical workspace.
These ingredients suggest a representation of the environment taking the form
of a “multi-layer” triple of topological spaces whose realtime interaction can be
exploited to integrate the geometrically naive sensor driven methods of [2] with
the offline memorized geometry sensitive methods of [28]. Specifically, we adapt
the construction of [27] to generate a realtime smooth change of coordinates (a
diffeomorphism) of the mapped layer of the environment into a (locally) topolog-
ically equivalent but geometrically more favorable model layer relative to which
the reactive methods of [2] can be directly applied. We prove that the conjugate
vector field defined by pulling back the reactive model space planner through
this diffeomorphism induces a vector field on the robot’s physical configuration
space that inherits the same formal guarantees of obstacle avoidance and con-
vergence. We extend the construction to the case of a differential drive robot,
by pulling back the extended field over planar rigid transformations introduced
for this purpose in [2] through a suitable polar coordinate transformation of the
tangent lift of our original planar diffeomorphism and demonstrate, once again,
that the physical differential drive robot inherits the same obstacle avoidance and
convergence properties as those guaranteed for the geometrically simple model
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robot [2]. Finally, to better support online implementation of these constructions,
we adopt modular methods for implicit description of geometric shape [32].
The paper is organized as follows. Section 2 describes the problem and es-
tablishes our assumptions. Section 3 describes the physical, mapped and model
planning layers used in the constructed diffeomorphism between the mapped
and model layers, whose properties are established next. Based on these results,
Section 4 describes our control approach both for fully actuated and differential
drive robots. Section 5 presents a variety of illustrative numerical studies and
Section 6 concludes by summarizing our findings and presenting ideas for future
work. Finally, Appendix A includes the proofs of our main results, Appendix
B sketches the ideas from computational geometry [32] underlying our modular
construction of implicit representations of polygonal obstacles, and Appendix C
includes some technical details on the calculation of the diffeomorphism jacobian
for differential drive robots.
2 Problem Formulation
We consider a disk-shaped robot with radius r > 0, centered at x ∈ R2, nav-
igating a closed, compact workspace W ⊂ R2, with known convex boundary
∂W. The robot is assumed to possess a sensor with fixed range R, capable of
recognizing “familiar” objects, as well as estimating the distance of the robot to
nearby obstacles3.
The workspace is cluttered by an unknown number of fixed, disjoint obstacles,
denoted by O := (O1, O2, . . .). We adopt the notation in [2] and define the
freespace as
F :=
{
x ∈W
∣∣∣B(x, r) ⊆W \⋃
i
Oi
}
(1)
where B(x, r) is the open ball centered at x with radius r, and B(x, r) denotes
its closure. To simplify our notation, we neglect the robot dimensions, by dilating
each obstacle in O by r, and assume that the robot operates in F. We denote
the set of dilated obstacles by O˜.
Although none of the positions of any obstacles in O˜ are a`-priori known, a
subset O˜∗ ⊆ O˜ of these obstacles is assumed to be “familiar” in the sense of
having an a`-priori known, readily recognizable star-shaped geometry [27] (i.e.,
belonging to a known catalogue of star-shaped geometry classes), which the robot
can efficiently identify and localize instantaneously from online sensory measure-
ment. Although the implementation of such a sensory apparatus lies well beyond
the scope of the present paper, recent work on semantic SLAM [9] provides an
excellent example with empirically demonstrated technology for achieving this
need for localizing, identifying and keeping track of all the familiar obstacles
encountered in the otherwise unknown environment. The a`-priori unknown cen-
ter of each catalogued star-shaped obstacle O˜∗i is denoted x
∗
i . Similarly to [28],
3 We refer the reader to an example of existing technology [1] generating 2D LIDAR
scans from 3D point clouds for such an approach.
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each star-shaped obstacle O˜∗i ∈ O˜∗ can be described by an obstacle function, a
real-valued map providing an implicit representation of the form
O˜∗i = {x ∈ R2 |βi(x) ≤ 0} (2)
which the robot must construct online from the catalogued geometry, after it
has localized O˜∗i . The remaining obstacles O˜convex := O˜\O˜∗ are are assumed to
be strictly convex but are in all other regards (location and specific shape) com-
pletely unknown to the robot, while nevertheless satisfying a curvature condition
given in [2, Assumption 2].
For the obstacle functions, we require the technical assumptions introduced
in [28, Appendix III], outlined as follows.
Assumption 1. The obstacle functions satisfy the following requirements
a) For each O˜∗i ∈ O˜∗, there exists ε1i > 0 such that for any two obstacles
O˜∗i , O˜
∗
j ∈ O˜∗
{x |βi(x) ≤ ε1i}
⋂
{x |βj(x) ≤ ε1j} = ∅ (3)
i.e., the “thickened boundaries” of any two stars still do not overlap.
b) For each O˜∗i ∈ O˜∗, there exists ε2i > 0 such that the set {x |βi(x) ≤ ε2i} does
not contain the goal xd ∈ F and does not intersect with any other obstacle
in O˜convex.
c) For each obstacle function βi, there exists a pair of positive constants (δi, ε3i)
satisfying the inner product condition4
(x− x∗i )>∇βi(x) ≥ δi (4)
for all x ∈ R2 such that βi(x) ≤ ε3i.
For each obstacle O˜∗i ∈ O˜∗, we then define εi = min{ε1i, ε2i, ε3i}. Finally, we
will assume that the range of the sensor R satisfies R >> εi for all i.
Based on these assumptions and further positing first-order, fully-actuated
robot dynamics x˙ = u(x), the problem consists of finding a Lipschitz continuous
controller u : F → R2, that leaves the freespace F positively invariant and
asymptotically steers almost all configurations in F to the given goal xd ∈ F.
3 Multi-layer Representation of the Environment and Its
Associated Transformations
In this Section, we introduce associated notation for, and transformations be-
tween three distinct representations of the environment that we will refer to as
planning “layers” and use in the construction of our algorithm. Fig. 1 illustrates
the role of these layers and the transformations that relate them in constructing
and analyzing a realtime generated vector field that guarantees safe passage to
4 A brief discussion on this condition is given in Appendix B.
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Fig. 1. Snapshot Illustration of Key Ideas. The robot in the physical layer (left frame,
depicting in blue the robot’s placement in the workspace along with the prior trajec-
tory of its centroid) containing both familiar objects of known geometry but unknown
location (dark grey) and unknown obstacles (light grey), moves towards a goal and dis-
covers obstacles (black) with an onboard sensor of limited range (orange disk). These
obstacles are localized and stored permanently in the mapped layer (middle frame, de-
picting in blue the robot’s placement as a point in freespace rather than its body in the
workspace) if they have familiar geometry or temporarily, with just the corresponding
sensed fragments, if they are unknown. An online map h(x) is then constructed (Sec-
tion 3), from the mapped layer to a geometrically simple model layer (right frame, now
depicting the robot’s placement and prior tractory amongst the h-deformed convex
images of the mapped obstacles). A doubly reactive control scheme for convex envi-
ronments [2] defines a vector field on the model layer which is pulled back in realtime
through the diffeomorphism to generate the input in the physical layer (Section 4).
the goal. The new technical contribution is an adaptation of the methods of [28]
to the construction of a diffeomorphism, h, where the requirement for fast, on-
line performance demands an algorithm that is as simple as possible and with
few tunable parameters. Hence, since the reactive controller in [2] is designed to
(provably) handle convex shapes, sensed obstacles not recognized by the seman-
tic SLAM process are simply assumed to be convex (implemented by designing
h to resolve to the identity transformation in the neighborhood of “unfamiliar”
objects) and the control response defaults to that prior construction.
3.1 Description of Planning Layers
Physical Layer The physical layer is a complete description of the geometry of
the unknown actual world and while inaccessible to the robot is used for purposes
of analysis. It describes the actual workspace W, punctured with the obstacles
O. This gives rise to the freespace F, given in (1), consisting of all placements of
the robot’s centroid that entail no intersections of its body with any obstacles.
The robot navigates this layer, and discovers and localizes new obstacles, which
are then stored in its semantic map if their geometry is familiar.
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Mapped Layer The mapped layer Fmap has the same boundary as F (i.e.
∂Fmap := ∂F) and records the robot’s evolving information about the envi-
ronment aggregated from the raw sensor data about the observable portions of
N ≥ 0 unrecognized (and therefore, presumed convex) obstacles {O˜1, . . . , O˜N} ⊆
O˜convex, together with the inferred star centers x
∗
j and obstacle functions βj of
M ≥ 0 star-shaped obstacles {O˜∗1 , . . . , O˜∗M} ⊆ O˜∗, that are instantiated at the
moment the sensory data triggers the “memory” that identifies and localizes
a familiar obstacle. It is important to note that the star environment is con-
stantly updated, both by discovering and storing new star-shaped obstacles in
the semantic map and by discarding old information and storing new informa-
tion regarding obstacles in O˜convex. In this representation, the robot is treated
as a point particle, since all obstacles are dilated by r in the passage from the
workspace to the freespace representation of valid placements.
Model Layer The model layer Fmodel has the same boundary as F (i.e. ∂Fmodel :=
∂F) and consists of a collection of M Euclidean disks, each centered at one of
the mapped star centers, x∗j , j = 1, . . . ,M , and copies of the sensed fragments of
the N unrecognized visible convex obstacles in O˜convex. The radii {ρ1, . . . , ρM}
of the M disks are chosen so that B(x∗j , ρj) ⊆ {x |βj(x) < 0}, as in [28].
This metric convex sphere world comprises the data generating the doubly
reactive algorithm of [2], which will be applied to the physical robot via the online
generated change of coordinates between the mapped layer and the model layer
to be now constructed.
3.2 Description of the C∞ Switches
In order to simplify the diffeomorphism construction, we depart from the con-
struction of analytic switches [27] and rely instead on the C∞ function ζ : R→ R
[14] described by
ζ(χ) =
{
e−1/χ, χ > 0
0, χ ≤ 0 (5)
with derivative
ζ ′(χ) =
{
ζ(χ)
χ2 , χ > 0
0, χ ≤ 0 (6)
Based on that function, we can then define the C∞ switches for each star-shaped
obstacle O˜∗j in the semantic map as
σj(x) = ηj ◦ βj(x), j = 1, . . . ,M (7)
with ηj(χ) = ζ(εj − χ)/ζ(εj) and εj given according to Assumption 1. The
gradient of the switch σj is given by
∇σj(x) = (η′j ◦ βj(x)) · ∇βj(x) (8)
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Finally, we define
σd(x) = 1−
M∑
j=1
σj(x) (9)
Using the above construction, it is easy to see that σj(x) = 1 on the boundary
of the j-th obstacle and σj(x) = 0 when βj(x) > εj for each j = 1, . . . ,M . Based
on Assumption 1 and the choice of εj for each j, we are, therefore, led to the
following results.
Lemma 1. At any point x ∈ Fmap, at most one of the switches {σ1, . . . , σM}
can be nonzero.
Corollary 1. The set {σ1, . . . , σM , σd} defines a partition of unity over Fmap.
3.3 Description of the Star Deforming Factors
The deforming factors are the functions νj(x) : Fmap → R, j = 1, . . . ,M , respon-
sible for transforming each star-shaped obstacle into a disk in R2. Once again,
we use here a slightly different construction than [27], in that the value of each
deforming factor νj at a point x does not depend on the value of βj(x). Namely,
the deforming factors are given based on the desired final radii ρj , j = 1, . . . ,M
as
νj(x) =
ρj
||x− x∗j ||
(10)
We also get
∇νj(x) = − ρj||x− x∗j ||3
(x− x∗j ) (11)
3.4 The Map Between the Mapped and the Model Layer
Construction The map forM star-shaped obstacles centered at x∗j , j = 1, . . . ,M
is described by a function h : Fmap → Fmodel given by
h(x) =
M∑
j=1
σj(x)
[
νj(x)(x− x∗j ) + x∗j
]
+ σd(x)x (12)
Note that the N visible convex obstacles {O˜1, . . . , O˜N} ⊆ O˜convex are not
considered in the construction of the map. Since the reactive controller used
in the model space Fmodel can handle convex obstacles and there is enough
separation between convex and star-shaped obstacles according to Assumption
1-(b), we can “transfer” the geometry of those obstacles directly in the model
space using the identity transformation.
Finally, note that Assumption 1-(b) implies that h(xd) = xd, since the target
location is assumed to be sufficiently far from all star-shaped obstacles.
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Based on the construction of the map h, the jacobian Dxh at any point
x ∈ Fmap is given by
Dxh =
M∑
j=1
{
σj(x)νj(x)I + (x− x∗j )
[
σj(x)∇νj(x)> + (νj(x)− 1)∇σj(x)>
]}
+σd(x)I
(13)
Qualitative Properties of the Map We first verify that the construction is
a smooth change of coordinates between the mapped and the model layers.
Lemma 2. The map h from Fmap to Fmodel is smooth.
Proof. Included in Appendix A.1. 
Proposition 1. The map h is a C∞ diffeomorphism between Fmap and Fmodel.
Proof. Included in Appendix A.1. 
Implicit representation of obstacles To implement the diffeomorphism be-
tween Fmap and Fmodel, shown in (12), we rely on the existence of a smooth
obstacle function βj(x) for each star-shaped obstacle j = 1, . . . ,M stored in the
semantic map. Since recently developed technology [17, 19, 25] provides means
of performing obstacle identification in the form of triangular meshes, in this
work we focus on polygonal obstacles on the plane and derive implicit repre-
sentations using so called “R-functions” from the constructive solid geometry
literature [32]. In Appendix B, we describe the method used for the construction
of such implicit functions for polygonal obstacles that have the desired property
of being analytic everywhere except for the polygon vertices. For the construc-
tion, we assume that the sensor has already identified, localized and included
each discovered star-shaped obstacle in Fmap; i.e., it has determined its pose in
Fmap, given as a rotation Rj of its vertices on the plane followed by a translation
of its center x∗j , and that the corresponding polygon has already been dilated by
r for inclusion in Fmap.
4 Reactive Controller
4.1 Reactive Controller for Fully Actuated Robots
Construction First, we consider a fully actuated particle with state x ∈ Fmap,
whose dynamics are described by
x˙ = u (14)
The dynamics of the fully actuated particle in Fmodel with state y ∈ Fmodel are
described by y˙ = v(y) with the control v(y) given in [2] as5
v(y) = −k (y −ΠLF(y)(xd)) (15)
5 Here ΠC(q) denotes the metric projection of q on a convex set C.
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Here, the convex local freespace for y, LF(y) ⊂ Fmodel, is defined as in [2, Eqn.
(30)]. Using the diffeomorphism construction in (12) and its jacobian in (13), we
construct our controller as the vector field u : Fmap → TFmap given by
u(x) = [Dxh]
−1 · (v ◦ h(x)) (16)
Qualitative Properties First of all, if the range of the virtual LIDAR sensor
used to construct LF(y) in the model layer is smaller than R, the vector field u
is Lipschitz continuous since v(y) is shown to be Lipschitz continuous in [2] and
y = h(x) is a smooth change of coordinates. We are led to the following result.
Corollary 2. The vector field u : Fmap → TFmap generates a unique continu-
ously differentiable partial flow.
To ensure completeness (i.e. absence of finite time escape through boundaries
in Fmap) we must verify that the robot never collides with any obstacle in the
environment, i.e., leaves its freespace positively invariant.
Proposition 2. The freespace Fmap is positively invariant under the law (16).
Proof. Included in Appendix A.2. 
Lemma 3. 1. The set of stationary points of control law (16) is given as
{xd}
⋃{h−1(sj)}j∈{1,...,M}⋃Ni=1 Gi, where6
sj = x
∗
j − ρj
xd − x∗j
||xd − x∗j ||
(17a)
Gi :=
{
q ∈ Fmap
∣∣∣ d(q, Oi) = r, (q−ΠOi(q))>(q− xd)||q−ΠOi(q)|| ||q− xd|| = 1
}
(17b)
with j spanning the M star-shaped obstacles in Fmap and i spanning the N
convex obstacles in Fmap.
2. The goal xd is the only locally stable equilibrium of control law (16) and all
the other stationary points {h−1(sj)}j∈{1,...,M}
⋃N
i=1 Gi, each associated with
an obstacle, are nondegenerate saddles.
Proof. Included in Appendix A.2. 
Proposition 3. The goal location xd is an asymptotically stable equilibrium of
(16), whose region of attraction includes the freespace Fmap excepting a set of
measure zero.
Proof. Included in Appendix A.2. 
We can now immediately conclude the following central summary statement.
Theorem 1. The reactive controller in (16) leaves the freespace Fmap positively
invariant, and its unique continuously differentiable flow, starting at almost any
robot placement x ∈ Fmap, asymptotically reaches the goal location xd, while
strictly decreasing ||h(x)− xd|| along the way.
6 Here d(A,B) = inf{||a − b|| |a ∈ A,b ∈ B} denotes the distance between two sets
A,B.
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4.2 Reactive Controller for Differential Drive Robots
In this Section, we extend our reactive controller to the case of a differential
drive robot, whose state is x := (x, ψ) ∈ Fmap × S1 ⊂ SE(2), and its dynamics
are given by7
x˙ = B(ψ)u (18)
with B(ψ) =
[
cosψ sinψ 0
0 0 1
]>
and u = (v, ω) with v ∈ R and ω ∈ R the linear
and angular input respectively. We will follow a similar procedure to the fully
actuated case; we begin by describing a smooth diffeomorphism h : Fmap×S1 →
Fmodel × S1 and then we establish the results about the controller.
Construction and Properties of the SE(2) Diffeomorphism We con-
struct our map h from Fmap × S1 to Fmodel × S1 as
y = (y, ϕ) = h(x) := (h(x), ξ(x)) (19)
with x = (x, ψ) ∈ Fmap × S1, y := (y, ϕ) ∈ Fmodel × S1 and
ϕ = ξ(x) := ∠ (e(x)) (20)
Here, ∠e := atan2(e2, e1) and
e(x) = Πy ·Dxh ·B(ψ) ·
[
1
0
]
= Dxh
[
cosψ
sinψ
]
(21)
with Πy denoting the projection onto the first two components. The reason for
choosing ϕ as in (20) will become evident in the next paragraph, in our effort to
control the equivalent differential drive robot dynamics in Fmodel.
Proposition 4. The map h in (19) is a C∞ diffeomorphism from Fmap × S1
to Fmodel × S1.
Proof. Included in Appendix A.2. 
Construction of the Reactive Controller Using (19), we can find the push-
forward of the differential drive robot dynamics in (18) as
y˙ =
[
y˙
ϕ˙
]
=
d
dt
[
h(x)
ξ(x)
]
=
[
Dxh ◦ h−1(y)
]
·
(
B ◦ h−1(y)
)
· u (22)
Based on the above, we can then write
y˙ =
[
y˙
ϕ˙
]
=
d
dt
[
h(x)
ξ(x)
]
= B(ϕ)v (23)
7 We use the ordered set notation (∗, ∗, . . .) and the matrix notation [∗ ∗ . . .]> for
vectors interchangeably.
Technical Report 11
with v = (vˆ, ωˆ), and the inputs (vˆ, ωˆ) related to (v, ω) through
vˆ = ||e(x)|| v (24)
ωˆ = vDxξ
[
cosψ
sinψ
]
+
∂ξ
∂ψ
ω (25)
with Dxξ =
[
∂ξ
∂x
∂ξ
∂y
]
. The calculation of Dxξ can be tedious, since it involves
derivatives of elements of Dxh, and is included in Appendix C.
Hence, we have found equivalent differential drive robot dynamics, defined on
Fmodel×S1. The idea now is to use the control strategy in [2] for the dynamical
system in (23) to find reference inputs vˆ, ωˆ, and then use (24), (25) to find the
actual inputs v, ω that achieve those reference inputs as
v =
vˆ
||e(x)|| (26a)
ω =
(
∂ξ
∂ψ
)−1(
ωˆ − vDxξ
[
cosψ
sinψ
])
(26b)
Namely, our reference inputs vˆ and ωˆ inspired by [2, 4] are given as8
vˆ = −k
[
cosϕ
sinϕ
]> (
y −ΠLF(y)∩H‖(xd)
)
(27a)
ωˆ = k atan

[− sinϕ
cosϕ
]>(
y − ΠLF(y)∩HG(xd) + ΠLF(y)(xd)
2
)
[
cosϕ
sinϕ
]>(
y − ΠLF(y)∩HG(xd) + ΠLF(y)(xd)
2
)
 (27b)
with k > 0 a fixed gain, LF(y) ⊂ Fmodel the convex polygon defining the local
freespace at y = h(x), and H‖ and HG the lines defined in [2] as
H‖ =
{
z ∈ Fmodel
∣∣∣ [− sinϕ
cosϕ
]>
(z− y) = 0
}
(28)
HG = {αy + (1− α)xd ∈ Fmodel |α ∈ R} (29)
8 In (19), we construct a diffeomorphism h between Fmap × S1 and Fmodel × S1.
However, for practical purposes, we deal only with one specific chart of S1 in our
control structure, described by the angles (−pi, pi]. As shown in [4], the discontinuity
at ±pi does not induce a discontinuity in our controller due to the use of the atan
function in (27b). On the contrary, with the use of (27b) as in [2,4], the robot never
changes heading in Fmodel, which implies that the generated trajectories both in
Fmodel and (by the properties of the diffeomorphism h) in Fmap have no cusps, even
though the robot might change heading in Fmap because of the more complicated
nature of the function ξ in (20).
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(1a) (1b) (2a) (2b)
Fig. 2. Navigation around a U-shaped obstacle: 1) Fully actuated particle: (a) Orig-
inal doubly reactive algorithm [2], (b) Our algorithm, 2) Differential drive robot: (a)
Original doubly reactive algorithm [2], (b) Our algorithm.
Qualitative Properties The properties of the differential drive robot control
law given in (26) can be summarized in the following theorem.
Theorem 2. The reactive controller for differential drive robots, given in (26),
leaves the freespace Fmap × S1 positively invariant, and its unique continuously
differentiable flow, starting at almost any robot configuration (x, ψ) ∈ Fmap ×
S1, asymptotically steers the robot to the goal location x∗, without increasing
||h(x)− xd|| along the way.
Proof. Included in Appendix A.2. 
5 Numerical Experiments
In this Section, we present numerical experiments that verify our formal results.
All simulations were run in MATLAB using ode45, with control gain k = 0.4
and p = 20 for the R-function construction. The reader is also referred to our
video attachment for a visualization of the examples presented here and more
numerical simulations.
5.1 Comparison with Original Doubly Reactive Algorithm
We begin with a comparison of our algorithm performance with the standalone
version of the doubly reactive algorithm in [2], that we use in our construction.
Fig. 2 demonstrates the basic limitation of this algorithm; in the presence of a
non-convex obstacle or a flat surface, whose curvature violates [2, Assumption 2],
the robot gets stuck in undesired local minima. On the contrary, our algorithm
is capable of overcoming this limitation, on the premise that the robot can
recognize the obstacle with star-shaped geometry at hand. The robot radius is
0.2m and the value of ε used for the obstacle is 0.3.
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Fully actuated Differential drive
Fig. 3. Navigation in a cluttered environment with U-shaped obstacles. Top - Trajec-
tories in the physical, mapped and model layers from a particular initial condition.
Bottom - Convergence to the goal from several initial conditions: left - fully actuated
robot, right - differential drive robot.
Chair
Table 1
Table 2
Armchair
Couch
Fully actuated Differential drive
Fig. 4. Navigating a room cluttered with known star-shaped and unknown convex
obstacles. Top - Trajectories in the physical, mapped and model layers from a particular
initial condition. Bottom - Convergence to the goal from several initial conditions: left
- fully actuated robot, right - differential drive robot. Mapped obstacles are shown in
black, known obstacles in dark grey and unknown obstacles in light grey.
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5.2 Navigation in a Cluttered Non-Convex Environment
In the next set of numerical experiments, we evaluate the performance of our
algorithm in a cluttered environment, packed with instances of the same U-
shaped obstacle, with star-shaped geometry, we use in Fig. 2. Both the fully
actuated and the differential drive robot are capable of converging to the desired
goal from a variety of initial conditions, as shown in Fig. 3. In the same figure, we
also focus on a particular initial condition and include the trajectories observed
in the physical, mapped and model layers. The robot radius is 0.25m and value
of ε used for all the star-shaped obstacles in the environment is 0.3.
5.3 Navigation Among Mixed Star-Shaped and Convex Obstacles
Finally, we report experiments in an environment cluttered with both star-
shaped obstacles (with known geometry) and unknown convex obstacles. We
consider a robot of radius 0.2m navigating a room towards a goal. The robot
can recognize familiar star-shaped obstacles (e.g., the couch, tables, armchair,
chairs) but is unaware of several other convex obstacles in the environment. Fig.
4 summarizes our results for several initial conditions. We also include trajecto-
ries observed in the physical, mapped and model layers during a single run. The
value of ε used for all the star-shaped obstacles in the environment is 0.3.
6 Conclusion and Future Work
In this paper, we present a provably correct method for robot navigation in 2D
environments cluttered with familiar but unexpected non-convex, star-shaped
obstacles as well as completely unknown, convex obstacles. The robot uses a
limited range onboard sensor, capable of recognizing, localizing and generating
online from its catalogue of the familiar, non-convex shapes an implicit repre-
sentation of each one. These sensory data and their interpreted representations
underlie an online change of coordinates to a completely convex model plan-
ning space wherein a previously developed online construction yields a provably
correct reactive controller that is pulled back to the physically sensed repre-
sentation to generate the actual robot commands. Using a modified change of
coordinates, the construction is also extended to differential drive robots, and
numerical simulations further verify the validity of our formal results.
Experimental validation of our algorithm with deep learning techniques for
object pose and triangular mesh recognition [25] is currently underway. Next
steps target environments presenting geometry more complicated than star-
shaped obstacles, by appropriately modifying the purging transformation algo-
rithm for trees-of-stars, presented in [28]. Future work aims to relax the required
degree of partial knowledge and the separation assumptions needed for our for-
mal results, by merging the “implicit representation trees” (e.g. see Fig. 5 in
Appendix B) online, when needed.
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A Proofs
A.1 Proofs of results in Section 3
Proof of Lemma 2. Since both the switches σj and the deforming factors νj are
smooth, for j = 1, . . . ,M , the only technical challenge here is introduced by
the fact that the number M of discovered star-shaped obstacles in Fmap is not
constant and changes as the robot navigates the workspace.
Notice from (6) that all the derivatives of ηj used in the construction of the
switch σj for any j are zero if and only if ηj is zero. Therefore, in order to
guarantee smoothness of h, we just have to ensure that when a new obstacle k
is added to the semantic map, the value of σk will be zero. This follows directly
from the assumption that the sensor range R is much greater than εk, which
implies that when obstacle k is discovered, the robot position x will lie outside
the set {q ∈ Fmap | 0 ≤ βk(q) < εk} and therefore the value of σk will be
zero. 
Proof of Proposition 1. First of all, the map h is smooth as shown in Lemma 2.
Therefore, in order to prove that h is a C∞ diffeomorphism, we will follow the
procedure outlined in [22], also followed in [27], to show that
1. h has a non-singular differential on Fmap
2. h preserves boundaries, i.e., h(∂jFmap) ⊂ ∂jFmodel, j ∈ {0, . . . ,M +N}.9
3. the boundary components of Fmap and Fmodel are pairwise homeomorphic,
i.e. ∂jFmap ∼= ∂jFmodel, j ∈ {0, . . . ,M +N}.
We begin with property 1. Using Lemma 1 and observing from (7) and (8)
that a switch σk, k ∈ {1, . . . ,M} is zero if and only if its gradient ∇σk is zero, we
observe from (13) that Dxh is either the identity map (which is non-singular) or
depends only a single switch σk, k ∈ {1, . . . ,M} when 0 ≤ βk(x) < εk. In that
case, we can isolate the k-th term in (13) and write the map differential as
Dxh = Dxhk = [1 + σk(x)(νk(x)− 1)] I + (x− x∗k)
[
σk(x)∇νk(x)>
+(νk(x)− 1)∇σk(x)>
]
= [1 + σk(x)(νk(x)− 1)] I + (x− x∗k)
[
− ρkσk(x)||x− x∗k||3
(x− x∗k)>
+η′k(βk(x))(νk(x)− 1)∇βk(x)>
]
(30)
From this expression, we can find with some computation
tr(Dxhk) =[1 + σk(x)(νk(x)− 1)] + (1− σk(x))
+ η′k(βk(x))(νk(x)− 1)(x− x∗k)>∇βk(x) (31)
9 Here we denote by ∂jF the j-th connected component of the boundary of F (that
corresponding to O˜j), with ∂0F the outer boundary of F.
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However, we know that
σk(x)− 1
σk(x)
≤ 0 < νk(x) (32)
since 0 < σk(x) ≤ 1, giving 1 + σk(x)(νk(x) − 1) > 0. Also, η′k(βk(x)) < 0 by
construction (since βk(x) < εk), νk(x)− 1 < 0 and (x− x∗k)>∇βk(x) > 0 in the
set {x ∈ Fmap | 0 ≤ βk(x) < εk}, because of Assumption 1-(c). Therefore, we get
tr(Dxhk) > 0 for all x such that 0 ≤ βk(x) < εk. Also, since Fmap ⊂ R2, we can
similarly compute
det(Dxhk) = g
′
k(βk(x))(νk(x)− 1)[1 + σk(x)(νk(x)− 1)](x− x∗k)>∇βk(x)
+ (1− σk(x))[1 + σk(x)(νk(x)− 1)] (33)
which leads to det(Dxhk) > 0 for all x such that βk(x) < εk. Since det(Dxhk) >
0 and tr(Dxhk) > 0, we conclude that Dxhk has two strictly positive eigenvalues
in the set {x ∈ Fmap | 0 ≤ βk(x) < εk}. Since this is true for any k ∈ {1, . . . ,M},
it follows that Dxh has two strictly positive eigenvalues in Fmap and, thus, is
non-singular in Fmap.
Next, pick a point x ∈ ∂jFmap for any j ∈ {0, . . . ,M +N}. This point could
lie on the outer boundary of Fmap, on the boundary of one of the N unknown
but visible convex obstacles, or on the boundary of one of the M star-shaped
obstacles. In the first two cases, we have h(x) = x, while in the latter case
h(x) = x∗k +
ρk
||x− x∗k||
(x− x∗k) (34)
for some k ∈ {1, . . . ,M}, sending x to the boundary of the k-th disk in Fmodel.
This shows that we always have h(x) ∈ ∂jFmodel and, therefore, the map satisfies
property 2.
Finally, property 3 derives from above and the fact that each boundary seg-
ment ∂jFmap is an one-dimensional manifold, the boundary of either a convex
set or a star-shaped set, both of which are homeomorphic to the corresponding
boundary ∂jFmodel. 
A.2 Proofs of results in Section 4
Proof of Proposition 2. Since h is just the identity transformation away from
any star-shaped obstacle and the control law u guarantees collision avoidance in
that case, as shown in [2], it suffices to show that the robot can never penetrate
any star-shaped obstacle, i.e., for any xc such that βk(xc) = 0 for some k ∈
{1, . . . ,M}, we have u(xc)>∇βk(xc) ≥ 0. For such a point xc, we get from (10)
and (13)
Dxh(xc) = Dxhk(xc) = [1 + σk(xc)(νk(xc)− 1)] I + (xc − x∗k)
[
σk(xc)∇νk(xc)>
+ (νk(xc)− 1)∇σk(xc)>
]
= [1 + σk(xc)(νk(xc)− 1)] I
Technical Report 19
+ (xc − x∗k)
[
− ρkσk(xc)||xc − x∗k||3
(xc − x∗k)>
+η′k(βk(xc))(νk(xc)− 1)∇βk(xc)>
]
=
ρk
||xc − x∗k||
I + (xc − x∗k)
[
− ρk||xc − x∗k||3
(xc − x∗k)>
+η′k(βk(xc))(νk(xc)− 1)∇βk(xc)>
]
(35)
since σk(xc) = 1. Since Fmap ⊂ R2, we can explicitly compute the inverse of
the 2x2 matrix Dxhk(xc) from its four elements [Dxhk(xc)]11, [Dxhk(xc)]12,
[Dxhk(xc)]21, [Dxhk(xc)]22 as
Dxhk(xc)
−1 =
1
det(Dxhk(xc)))
[
[Dxhk(xc)]22 −[Dxhk(xc)]12
−[Dxhk(xc)]21 [Dxhk(xc)]11
]
(36)
and after some simple computations, we can eventually find
[Dxhk(xc)]
−>∇βk(xc) = ρk (xc − x
∗
k)
>∇βk(xc)
||xc − x∗k||3 det(Dxhk(xc)))
(xc − x∗k) (37)
On the other hand,
u(xc) = −k [Dxhk(xc)]−1
(
h(xc)−ΠLF(h(xc))(xd)
)
(38)
Since xc belongs to the boundary of the obstacle k, then by construction of the
diffeomorphism, h(xc) will belong to the boundary of the disk with radius ρk
centered at x∗k and the associated hyperplane [2] will be tangent to that disk at
h(xc). Therefore, the projected goal ΠLF(h(xc))(xd) will belong to the halfspace
defined by the outward normal vector from x∗k to h(xc) at h(xc) and we have
u(xc) = [Dxhk(xc)]
−1 t(xc) (39)
with t(xc)
>(h(xc) − x∗k) ≥ 0. Since by construction of the diffeomorphism
h(xc) = x
∗
k + ρk
xc−x∗k
||xc−x∗k|| , we derive that
t(xc)
>(xc − x∗k) ≥ 0 (40)
Using the above results, we see that
u(xc)
>∇βk(xc) =
[
[Dxhk(xc)]
−>∇βk(xc)
]>
t(xc)
=
ρk (xc − x∗k)>∇βk(xc)
||xc − x∗k||3 det (Dxhk(xc))
(xc − x∗k)>t(xc) ≥ 0 (41)
using (40) and the fact that (xc − x∗k)>∇βk(xc) > 0, since xc belongs to the
boundary of a star-shaped obstacle [27]. 
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Proof of Lemma 3. The proof of this lemma derives immediately from [2, Propo-
sitions 5,11], from which we can infer that the set of stationary points of the
vector field Dxh ·u(x), defined on Fmodel, is {xd}
⋃{sj}j∈{1,...,M}⋃Ni=1 Gi, with
xd being a locally stable equilibrium of Dxh · u(x) and each other point being
a nondegenerate saddle, since [2, Assumption 2] is satisfied for the obstacles in
Fmodel by construction. To complete the proof, we just have to note that the
index of an isolated zero of a vector field does not change under diffeomorphisms
of the domain [14]. 
Proof of Proposition 3. Consider the smooth Lyapunov function candidate V (x) =
||h(x) − xd||2, justified by the fact that h(xd) = xd by construction of the dif-
feomorphism, since we have assumed that βj(xd) > εj for all j ∈ {1, . . . ,M}.
Using (16)
dV
dt
=2(h(x)− xd)>(Dxh)x˙ = −2k(h(x)− xd)>
(
h(x)−ΠLF(h(x))(xd)
)
=− 2k (h(x)−ΠLF(h(x))(xd) + ΠLF(h(x))(xd)− xd)> (h(x)−ΠLF(h(x))(xd))
=− 2k||h(x)−ΠLF(h(x))(xd)||2
+ 2k
(
xd −ΠLF(h(x))(xd)
)> (
h(x)−ΠLF(h(x))(xd)
)
≤− 2k||h(x)−ΠLF(h(x))(xd)||2 ≤ 0 (42)
since h(x) ∈ LF(h(x)), which implies that(
xd −ΠLF(h(x))(xd)
)> (
h(x)−ΠLF(h(x))(xd)
) ≤ 0 (43)
since either xd = ΠLF(h(x))(xd), or xd and h(x) are separated by a hyperplane
passing through ΠLF(h(x))(xd). Therefore, similarly to [2], using LaSalle’s in-
variance principle we see that every trajectory starting in Fmap approaches the
largest invariant set in {x ∈ Fmap | V˙ (x) = 0}, i.e. the equilibrium points of (16).
The desired result follows from Lemma 3, since xd is the only locally stable equi-
librium of our control law and the rest of the stationary points are nondegenerate
saddles, whose regions of attraction have empty interior in Fmap. 
Proof of Proposition 4. Note that the jacobian of h will be given by
Dxh =
Dxh 02×1
Dxξ
∂ξ
∂ψ
 (44)
Since we have already shown in Proposition 1 that Dxh is non-singular, it suffices
to show that ∂ξ∂ψ 6= 0 for all x ∈ Fmap × S1. From (20) we can derive
∂ξ
∂ψ
=
det(Dxh)
||e(x)||2 (45)
Therefore, we immediately get that ∂ξ∂ψ 6= 0 for all x ∈ Fmap×S1 since det(Dxh) 6=
0 and ||e(x)|| 6= 0 for all x ∈ Fmap, because Dxh is non-singular on Fmap. This
implies that Dxh is non-singular on Fmap × S1.
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Next, we note that ∂
(
Fmap × S1
)
= ∂Fmap × S1, since S1 is a manifold
without boundary. Similarly, ∂
(
Fmodel × S1
)
= ∂Fmodel × S1. Hence, we can
easily complete the proof following a similar procedure with the end of the proof
of Proposition 1. 
Proof of Theorem 2. We have already established that ||e(x)|| and ∂ξ∂ψ are nonzero
for all x ∈ Fmap×S1 in the proof of Proposition 4, which implies that v and ω can
have no singular points. Also notice that ||e(x)||, ∂ξ∂ψ and Dxξ
[
cosψ sinψ
]>
are
all smooth. Hence, the uniqueness and existence of the flow generated by control
law (26) can be established similarly to [2] through the flow properties of the
controller in [4] (that we use here in (27)) and the facts that metric projections
onto moving convex cells are piecewise continuously differentiable [20, 31] and
the composition of piecewise continuously differentiable functions is piecewise
continuously differentiable and, therefore, locally Lipschitz [11].
Positive invariance of Fmap × S1 can be proven following similar patterns
with the proof of Proposition 2. Namely, it suffices to show that the robot can
never penetrate an obstacle, i.e., for any placement (xc, ψc) such that βk(xc) = 0
for some index k ∈ {1, . . . ,M}, we definitely have
∇βk(xc)>
[
vc cosψc
vc sinψc
]
≥ 0 (46)
for any ψc ∈ S1. We know from (22) that[
vc cosψc
vc sinψc
]
= [Dxh(xc)]
−1
[
vˆc cosϕc
vˆc sinϕc
]
(47)
Therefore
∇βk(xc)>
[
vc cosψc
vc sinψc
]
=∇βk(xc)>
(
[Dxh(xc)]
−1
[
vˆc cosϕc
vˆc sinϕc
])
=
(
[Dxh(xc)]
−>∇βk(xc)
)> [vˆc cosϕc
vˆc sinϕc
]
=
ρk (xc − x∗k)>∇βk(xc)
||xc − x∗k||3det(Dxh(xc))
(xc − x∗k)>
[
vˆc cosϕc
vˆc sinϕc
]
(48)
using (37). Hence, using the results from Proposition 2, we see that positive
invariance of Fmap × S1 under law (26) is equivalent to positive invariance of
Fmodel × S1 under law (27), which is guaranteed from [2, Proposition 12].
Finally, consider the smooth Lyapunov function candidate V (x) = ||h(x) −
xd||2. Then
dV
dt
=2(h(x)− xd)>(Dxh)x˙
=2v (h(x)− xd)>(Dxh)
[
cosψ
sinψ
]
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=2v(h(x)− xd)>
[
cos ξ(x)
sin ξ(x)
]
=− 2k(h(x)− xd)>
[
cos ξ(x)
sin ξ(x)
] [
cos ξ(x)
sin ξ(x)
]> (
h(x)−ΠLF(h(x))∩H‖(xd)
)
=− 2k(h(x)− xd)>
(
h(x)−ΠLF(h(x))∩H‖(xd)
)
since
[
cos ξ(x)
sin ξ(x)
] [
cos ξ(x)
sin ξ(x)
]>
is just the projection operator on the line defined
by the vector
[
cos ξ(x) sin ξ(x)
]>
, with which
(
h(x)−ΠLF(h(x))∩H‖(xd)
)
is al-
ready parallel. Following this result, we get
dV
dt
≤ −2k
∣∣∣∣∣∣h(x)−ΠLF(h(x))∩H‖(xd)∣∣∣∣∣∣2 ≤ 0 (49)
since, similarly to the proof of Proposition 3, we have(
xd −ΠLF(h(x))∩H‖(xd)
)> (
h(x)−ΠLF(h(x))∩H‖(xd)
)
≤ 0 (50)
Therefore, using LaSalle’s invariance principle, we see that every trajectory start-
ing in Fmap × S1 approaches the largest invariant set in {(x, ψ) ∈ Fmap ×
S1 | V˙ (x) = 0} = {(x, ψ) ∈ Fmap × S1 |h(x) = ΠLF(h(x))∩H‖(xd)}. At the same
time, we know from (27) that h(x) = ΠLF(h(x))∩H‖(xd) implies v = 0. From
(26), for v = 0, we get that ω will be zero at points where ωˆ is zero, i.e. at points
(x, ψ) ∈ Fmap × S1 where[− sin ξ(x)
cos ξ(x)
]>(
h(x)− ΠLF(h(x))∩HG(xd) + ΠLF(h(x))(xd)
2
)
= 0 (51)
Therefore the largest invariant set in {(x, ψ) |h(x) = ΠLF(h(x))∩H‖(xd)} is the
set of points x = (x, ψ) where the following two conditions are satisfied
h(x) = ΠLF(h(x))∩H‖(xd) (52)[− sin ξ(x)
cos ξ(x)
]>(
h(x)− ΠLF(h(x))∩HG(xd) + ΠLF(h(x))(xd)
2
)
= 0 (53)
Using a similar argument to [2, Proposition 12], we can, therefore, verify that
the set of stationary points of law (26) is given by
{xd} × (−pi, pi]⋃{
(q, ψ)
∣∣∣q ∈ {h−1(sj)}j∈{1,...,M} N⋃
i=1
Gi,
[− sin ξ(q, ψ)
cos ξ(q, ψ)
]>
(q− xd) = 0
}
(54)
using (17). We can then invoke a similar argument to Proposition 3 to show that
xd locally attracts with any orientation ψ, while any configuration associated
with any other equilibrium point is a nondegenerate saddle whose stable manifold
is a set of measure zero, and the result follows. 
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B Implicit Representation of Obstacles With R-functions
In this work, looking ahead toward handling in a more modular fashion the
general class of obstacle shapes encompassed by the star-tree methods from the
traditional navigation function literature [27, 28], we depart from individuated
homogeneous implicit function representation of our memorized catalogue ele-
ments in favor of the R-function compositions [30], explored by Rimon [26] and
explicated within the field of constructive solid geometry by Shapiro [32]. We
believe that this modular representation of shape will be helpful in the effort now
in progress to instantiate the posited mapping oracle for obstacles with known
geometry, whose triangular mesh can be identified in real time using state-of-
the-art techniques [17,19,25] in order to extract implicit function representations
for polygonal obstacles.
B.1 Preliminary Definitions
We begin by providing a definition of an R-function [32].
Definition 1. A function γΦ : Rn → R is an R-function if there exists a (bi-
nary) logic function Φ : B→ B, called the companion function, that satisfies the
relation
Φ(S2(w1), . . . , S2(wn)) = S2(γΦ(w1, . . . , wn)) (55)
with (w1, . . . , wn) ∈ Rn and S2 the Heaviside characteristic function S2 : R→ B
of the interval [0+,∞) defined as10
S2(χ) =
{
0, χ ≤ −0
1, χ ≥ +0 (56)
Informally, a real function γΦ is an R-function if it can change its property
(sign) only when some of its arguments change the same property (sign) [32].
For example, the companion logic function for the R-function γ(x, y) = xy is
X ⇔ Y ; we just check that S2(xy) = (S2(x)⇔ S2(y)).
In this work, we use the following (symbolically written) R-functions [32]
¬x := −x (57)
x1 ∧ x2 := x1 + x2 − (xp1 + xp2)
1
p (58)
x1 ∨ x2 := x1 + x2 + (xp1 + xp2)
1
p (59)
with companion logic functions the logical negation ¬, conjunction ∧ and dis-
junction ∨ respectively and p a positive integer. Intuitively, the author in [32]
uses the triangle inequality with the Lp-norm to derive R-functions with specific
properties.
10 In [32], it is assumed that zero is always signed: either +0 or −0, which allows the
authors to determine membership of zero either to the set of positive or to the set
of negative numbers. This strange assumption is employed to resolve pathological
cases, where the membership of zero causes R-function discontinuities and is not of
particular importance in our setting.
24 Vasileios Vasilopoulos and Daniel E. Koditschek
B.2 Description of the Algorithm
R-functions have several interesting properties but, most importantly, provide
machinery to construct implicit representations for sets built from other, primi-
tive sets. Namely, in order to obtain a real function inequality γ ≥ 0 defining a
set Ω constructed from primitive sets Ωj , it suffices to construct an appropriate
R-function and substitute for its arguments the real functions ωj defining the
primitive sets Ωj implicitly as ωj ≥ 0 [32, Theorem 3]. In our case, the set Ω
would be the star-shaped polygon O˜∗i we want to represent, the sets Ωj would
be half-spaces induced by the polygon edges and the functions ωj : R2 → R their
corresponding hyperplane equations, which are of the form
ωj(x) = (x− xc,j)>nj (60)
Here xc,j is any arbitrary point on the edge hyperplane and nj its normal vector,
pointing towards the interior of the polygon.
This result allows us to use a variant of the method presented in [32] and
construct representations of polygons in the form of AND-OR trees [29], as shown
in the example of Fig. 5. Briefly, the interior of a polygon can be represented
as the intersection of two or more polygonal chains, i.e. sequences of edges that
meet at the polygon’s convex hull. In the same way, each of these chains can
then be split recursively into smaller subchains at the vertices of its convex hull
to form a tree structure. The root node of the tree is the original polygon, with
each other node corresponding to a polygonal chain; the leaves of the tree are
single hyperplanes, the edges of the polygon described by functions ωj . If the
split occurs at a concave vertex of the original polygon, then the subchains are
combined using set union (i.e. disjunction); otherwise, they are combined using
set intersection (i.e. conjunction), as shown in Fig. 5. In this way, by having as
input just the vertices of the polygon in counterclockwise order, we are able to
construct an implicit representation for each node of the tree bottom-up, using
the R-functions (58) and (59), until we reach the root node of the tree. Since, for
our application, we want βi > 0 in the exterior of the obstacle O˜
∗
i , we negate the
result (i.e., we use the R-function (57)) to obtain the obstacle function βi, which
is analytic everywhere except for the polygon vertices [32]. This implies that our
results in Section 3 still hold, with the map h being a C∞ diffeomorphism away
from the polygon vertices.
We apply the algorithm described above to extract (offline) the AND-OR
tree associated with the implicit function β0i, describing the obstacle O˜
∗
i with
its center located at the origin, as shown in Fig. 5. Then, when our sensor
recognizes O˜∗i online and identifies its pose as a rotation Ri on the plane followed
by a translation x∗i of its center, we simply find the value of βi(x) at a point
x as βi(x) = β0i
(
R>i (x− x∗i )
)
, by simply invoking the inverse homogeneous
transformation that takes the center of O˜∗i back to the origin. This allows for
efficient online computation of βi(x) as the robot navigates its environment.
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<latexit sha1_base64="92NX6nfTw03riNEM8LaVIqOlG68=">AAAB73icbVDJSgNBEK2JW4xb VPDipTEInsKMIHoMevGYgFkgGWJPpydp0svY3SOEIT/hxYMiXv0db178FjvLQRMfFDzeq6KqXpRwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1Gw5uJ33yk2jA l7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTOsLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18V WYMZmklkoyWxSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd49R68Z+/Ne5+15rz5zCH8gffxA0z+kaQ=</latexit><latexit sha1_base64="r5znSO29sbG0VHJ95Y/9wsBs4HA=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuIFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8AvsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxCThvh8HriN+6 pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7 xWYqOrTspknFgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhDg8ABP8OzdeY/ei/c6a81485lD+APv7QeeP5Ng</latexit><latexit sha1_base64="r5znSO29sbG0VHJ95Y/9wsBs4HA=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuIFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8AvsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxCThvh8HriN+6 pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7 xWYqOrTspknFgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhDg8ABP8OzdeY/ei/c6a81485lD+APv7QeeP5Ng</latexit><latexit sha1_base64="GpaUXhIYwfW461WFOrliaTVaYcw=">AAAB73icbVDLSgNBEOyNrxhf UY9eBoPgKewKosegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnm w4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWupmBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxY QtFsWZIFaR2fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP75Xj78=</latexit>
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<latexit sha1_base64="aUEqAhNOEIRxCg0HLAyZjPb5VjU=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuhVoGbSwTMA9Iljg7mU2GzGOdmRXCkp+wsVDE1t+xs/FbnDwKTTxw4XDOvdx7T5RwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1Gw5uJ33yk2jA l7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTOsLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18V WYMZmklkoyWxSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd49R68Z+/Ne5+15rz5zCH8gffxA06CkaU=</latexit><latexit sha1_base64="CW3W64LXK/wFsAivQEMFD4wfMzg=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuhVqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8AvsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxCThvh8HriN+6 pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7 xWYqOrTspknFgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhDg8ABP8OzdeY/ei/c6a81485lD+APv7Qefw5Nh</latexit><latexit sha1_base64="CW3W64LXK/wFsAivQEMFD4wfMzg=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuhVqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8AvsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxCThvh8HriN+6 pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7 xWYqOrTspknFgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhDg8ABP8OzdeY/ei/c6a81485lD+APv7Qefw5Nh</latexit><latexit sha1_base64="jb8C0d1ZwYwJBMWp2X/vmf6OzDU=">AAAB73icbVA9SwNBEJ2LXzF+ RS1tFoNgFe4s1DJoYxnBfEByhL3NXLJk9/bc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1uZ37rCbXhKnm w4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWupmBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxY QtFsWZIFaR2fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K9ex+L1oKXzxzDH3ifP7/bj8A=</latexit>
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<latexit sha1_base64="pBGaDBBDaNUNMG4gcK5IPxyO95Y=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKuTSyDNpYJmAckS5ydzCZD5rHOzAphyU/YWChi6+/Y2fgtTh6FJh64cDjnXu69J0o4M9b3v7zc2vrG5lZ+u7Czu7d/UDw8ahqVakIbRHGl2xE2lDNJG5ZZTtuJplhEnLai0c3Ubz1SbZi Sd3ac0FDggWQxI9g6qd1Vgg5wr9IrlvyyPwNaJcGClKon9e97AKj1ip/dviKpoNISjo3pBH5iwwxrywink0I3NTTBZIQHtOOoxIKaMJvdO0HnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aJa9qfif10ltfB VmTCappZLMF8UpR1ah6fOozzQllo8dwUQzdysiQ6wxsS6iggshWH55lTQvy4FfDuoujWuYIw+ncAYXEEAFqnALNWgAAQ5P8AKv3oP37L157/PWnLeYOYY/8D5+AFAGkaY=</latexit><latexit sha1_base64="G8SYklfjDm9VJaFYgekuH0aqHaA=">AAAB73icbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXJpYhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+AV2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4NKPR9dRv3oM 2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7 H9qzBlMk4sSDpf1E84tgpPn8c9poFaPnaEUM3crZgOiSbUuohyLoRg+eVV0rgsBn4xqLk0KmiOLDpFZ+gCBaiEyugGVVEdUcTRA3pCz96d9+i9eK/z1oy3mDlGf+C9/QChR5Ni</latexit><latexit sha1_base64="G8SYklfjDm9VJaFYgekuH0aqHaA=">AAAB73icbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXJpYhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+AV2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4NKPR9dRv3oM 2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7 H9qzBlMk4sSDpf1E84tgpPn8c9poFaPnaEUM3crZgOiSbUuohyLoRg+eVV0rgsBn4xqLk0KmiOLDpFZ+gCBaiEyugGVVEdUcTRA3pCz96d9+i9eK/z1oy3mDlGf+C9/QChR5Ni</latexit><latexit sha1_base64="LOzbuXe3oAAi0+8ZsuyOI3UXpuE=">AAAB73icbVDLTgJBEOzFF+IL 9ehlIzHxRHa94JHoxSMm8khgQ2aHXpgwj3Vm1oQQfsKLB43x6u94828cYA8KVtJJpao73V1xypmxQfDtFTY2t7Z3irulvf2Dw6Py8UnLqExTbFLFle7ExCBnEpuWWY6dVCMRMcd2PL6d++0n1IYp+WA nKUaCDCVLGCXWSZ2eEjgk/Vq/XAmqwQL+OglzUoEcjX75qzdQNBMoLeXEmG4YpDaaEm0Z5Tgr9TKDKaFjMsSuo5IINNF0ce/Mv3DKwE+UdiWtv1B/T0yJMGYiYtcpiB2ZVW8u/ud1M5tcR1Mm08yipM tFScZ9q/z58/6AaaSWTxwhVDN3q09HRBNqXUQlF0K4+vI6aV1Vw6Aa3geV+k0eRxHO4BwuIYQa1OEOGtAEChye4RXevEfvxXv3PpatBS+fOYU/8D5/AMFfj8E=</latexit>
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<latexit sha1_base64="IVQyzDaOrRinNz8/untYBKgdcv8=">AAAB73icbVC7SgNBFL0bXzG+ ooKNzWAQrMKujSmDNpYJmAckS5ydzCZD5rHOzAphyU/YWChi6+/Y2fgtTh6FJh64cDjnXu69J0o4M9b3v7zc2vrG5lZ+u7Czu7d/UDw8ahqVakIbRHGl2xE2lDNJG5ZZTtuJplhEnLai0c3Ubz1SbZi Sd3ac0FDggWQxI9g6qd1Vgg5wr9IrlvyyPwNaJcGClKon9e97AKj1ip/dviKpoNISjo3pBH5iwwxrywink0I3NTTBZIQHtOOoxIKaMJvdO0HnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aJa9qfif10ltXA kzJpPUUknmi+KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdRwYUQLL+8SpqX5cAvB3WXxjXMkYdTOIMLCOAKqnALNWgAAQ5P8AKv3oP37L157/PWnLeYOYY/8D5+AFGKkac=</latexit><latexit sha1_base64="WaGr+e+0mwEs47M8iDdzpz1HWoQ=">AAAB73icbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXxpQhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+AV2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4NKPR9dRv3oM 2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7 H9UpgyGScWJJ0v6iccW4Wnz+Me00AtHztCqGbuVkyHRBNqXUQ5F0Kw/PIqaVwWA78Y1FwaFTRHFp2iM3SBAnSFyugGVVEdUcTRA3pCz96d9+i9eK/z1oy3mDlGf+C9/QCiy5Nj</latexit><latexit sha1_base64="WaGr+e+0mwEs47M8iDdzpz1HWoQ=">AAAB73icbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXxpQhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+AV2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4NKPR9dRv3oM 2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7 H9UpgyGScWJJ0v6iccW4Wnz+Me00AtHztCqGbuVkyHRBNqXUQ5F0Kw/PIqaVwWA78Y1FwaFTRHFp2iM3SBAnSFyugGVVEdUcTRA3pCz96d9+i9eK/z1oy3mDlGf+C9/QCiy5Nj</latexit><latexit sha1_base64="BJGr4k1douzr0gdfJdK/QjB9YCo=">AAAB73icbVA9SwNBEJ2LXzF+ RS1tFoNgFe5sTBm0sYxgPiA5wt5mkizZ3Tt394Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rczv32E2rDY/V gpwmGko4UH3JGrZM6vVjiiPZr/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuqlBhPKJnSEXUcVlWjCbHHvjFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOa2HGVZJaVG y5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquRCC1ZfXSeuqGvjV4N6v1G/yOIpwBudwCQFcQx3uoAFNYCDgGV7hzXv0Xrx372PZWvDymVP4A+/zB8Ljj8I=</latexit>
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!10
<latexit sha1_base64="2lUOkKhU2iJyTbsPTMj99bTMA4s=">AAAB8nicbVC7SgNBFL0bXzG+ ooKNzWAQrMKujZZBG8sEzAM2S5ydzCZD5rHMzAphyWfYWChi69fY2fgtTh6FJh64cDjnXu69J045M9b3v7zC2vrG5lZxu7Szu7d/UD48ahmVaUKbRHGlOzE2lDNJm5ZZTjuppljEnLbj0e3Ubz9SbZi S93ac0kjggWQJI9g6KewqQQe4lwf+pFeu+FV/BrRKggWp1E4a3w8AUO+VP7t9RTJBpSUcGxMGfmqjHGvLCKeTUjczNMVkhAc0dFRiQU2Uz06eoHOn9FGitCtp0Uz9PZFjYcxYxK5TYDs0y95U/M8LM5 tcRzmTaWapJPNFScaRVWj6P+ozTYnlY0cw0czdisgQa0ysS6nkQgiWX14lrctq4FeDhkvjBuYowimcwQUEcAU1uIM6NIGAgid4gVfPes/em/c+by14i5lj+APv4weA15Lm</latexit><latexit sha1_base64="npxtavN1cMBh5qOShF9QBhZDUj0=">AAAB8nicbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXRssQG8sEzAM2S5id3CRD5rHMzAphyWfYWChiq3/hF9jZ+C1OHoUmHrhwOOde7r0nTjgz1ve/vNza+sbmVn67sLO7t39QPDxqGpVqCg2quNLtmBjgTELDMsuhnWggIubQikc3U791D9o wJe/sOIFIkIFkfUaJdVLYUQIGpJsF/qRbLPllfwa8SoIFKVVO6t/svfpR6xY/Oz1FUwHSUk6MCQM/sVFGtGWUw6TQSQ0khI7IAEJHJRFgomx28gSfO6WH+0q7khbP1N8TGRHGjEXsOgWxQ7PsTcX/vD C1/esoYzJJLUg6X9RPObYKT//HPaaBWj52hFDN3K2YDokm1LqUCi6EYPnlVdK8LAd+Oai7NKpojjw6RWfoAgXoClXQLaqhBqJIoQf0hJ496z16L97rvDXnLWaO0R94bz/SGJSi</latexit><latexit sha1_base64="npxtavN1cMBh5qOShF9QBhZDUj0=">AAAB8nicbVC7SgNBFJ2Nrxhf UcHGZjAIVmHXRssQG8sEzAM2S5id3CRD5rHMzAphyWfYWChiq3/hF9jZ+C1OHoUmHrhwOOde7r0nTjgz1ve/vNza+sbmVn67sLO7t39QPDxqGpVqCg2quNLtmBjgTELDMsuhnWggIubQikc3U791D9o wJe/sOIFIkIFkfUaJdVLYUQIGpJsF/qRbLPllfwa8SoIFKVVO6t/svfpR6xY/Oz1FUwHSUk6MCQM/sVFGtGWUw6TQSQ0khI7IAEJHJRFgomx28gSfO6WH+0q7khbP1N8TGRHGjEXsOgWxQ7PsTcX/vD C1/esoYzJJLUg6X9RPObYKT//HPaaBWj52hFDN3K2YDokm1LqUCi6EYPnlVdK8LAd+Oai7NKpojjw6RWfoAgXoClXQLaqhBqJIoQf0hJ496z16L97rvDXnLWaO0R94bz/SGJSi</latexit><latexit sha1_base64="0tSc7nBR0yO2k192h0Nq8MLQWfY=">AAAB8nicbVDLSgNBEOyNrxhf UY9eBoPgKcx60WPQi8cI5gHJEmYns8mQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrh1GH8HpY3Nre2d8m5lb//g8Kh6fNK2OjOUtagW2nRjYpngirUcd4J1U8OIjAXrxJO7ud95YsZyrR7 dNGWRJCPFE06J81KvryUbkUEe4tmgWsN1vABaJ2FBalCgOah+9YeaZpIpRwWxthfi1EU5MY5TwWaVfmZZSuiEjFjPU0Uks1G+OHmGLrwyRIk2vpRDC/X3RE6ktVMZ+05J3NiuenPxP6+XueQmyrlKM8 cUXS5KMoGcRvP/0ZAbRp2YekKo4f5WRMfEEOp8ShUfQrj68jppX9VDXA8fcK1xW8RRhjM4h0sI4RoacA9NaAEFDc/wCm+BC16C9+Bj2VoKiplT+IPg8wfyMJEB</latexit>
{!1,!2}
<latexit sha1_base64="7fFWZ6fHdjn04wFUC4 Wvp9v2FRQ=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm2ARXEhJiqDLohuXFewFmhAm09N26FzCzEQooeCr uHGhiFufw51v47TNQlt/GPj4zzmcM3+SMqqN7387K6tr6xubpa3y9s7u3r57cNjSMlMEmkQyqToJ1sCo gKahhkEnVYB5wqCdjG6n9fYjKE2leDDjFCKOB4L2KcHGWrF7HOah5DDAcXBRQC2cxG7Fr/ozecsQFFBB hRqx+xX2JMk4CEMY1rob+KmJcqwMJQwm5TDTkGIywgPoWhSYg47y2fkT78w6Pa8vlX3CeDP390SOudZ jnthOjs1QL9am5n+1bmb611FORZoZEGS+qJ8xz0hvmoXXowqIYWMLmChqb/XIECtMjE2sbEMIFr+8DK1 aNfCrwf1lpX5TxFFCJ+gUnaMAXaE6ukMN1EQE5egZvaI358l5cd6dj3nrilPMHKE/cj5/AKW7lUQ=</l atexit><latexit sha1_base64="7fFWZ6fHdjn04wFUC4 Wvp9v2FRQ=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm2ARXEhJiqDLohuXFewFmhAm09N26FzCzEQooeCr uHGhiFufw51v47TNQlt/GPj4zzmcM3+SMqqN7387K6tr6xubpa3y9s7u3r57cNjSMlMEmkQyqToJ1sCo gKahhkEnVYB5wqCdjG6n9fYjKE2leDDjFCKOB4L2KcHGWrF7HOah5DDAcXBRQC2cxG7Fr/ozecsQFFBB hRqx+xX2JMk4CEMY1rob+KmJcqwMJQwm5TDTkGIywgPoWhSYg47y2fkT78w6Pa8vlX3CeDP390SOudZ jnthOjs1QL9am5n+1bmb611FORZoZEGS+qJ8xz0hvmoXXowqIYWMLmChqb/XIECtMjE2sbEMIFr+8DK1 aNfCrwf1lpX5TxFFCJ+gUnaMAXaE6ukMN1EQE5egZvaI358l5cd6dj3nrilPMHKE/cj5/AKW7lUQ=</l atexit><latexit sha1_base64="7fFWZ6fHdjn04wFUC4 Wvp9v2FRQ=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm2ARXEhJiqDLohuXFewFmhAm09N26FzCzEQooeCr uHGhiFufw51v47TNQlt/GPj4zzmcM3+SMqqN7387K6tr6xubpa3y9s7u3r57cNjSMlMEmkQyqToJ1sCo gKahhkEnVYB5wqCdjG6n9fYjKE2leDDjFCKOB4L2KcHGWrF7HOah5DDAcXBRQC2cxG7Fr/ozecsQFFBB hRqx+xX2JMk4CEMY1rob+KmJcqwMJQwm5TDTkGIywgPoWhSYg47y2fkT78w6Pa8vlX3CeDP390SOudZ jnthOjs1QL9am5n+1bmb611FORZoZEGS+qJ8xz0hvmoXXowqIYWMLmChqb/XIECtMjE2sbEMIFr+8DK1 aNfCrwf1lpX5TxFFCJ+gUnaMAXaE6ukMN1EQE5egZvaI358l5cd6dj3nrilPMHKE/cj5/AKW7lUQ=</l atexit><latexit sha1_base64="7fFWZ6fHdjn04wFUC4 Wvp9v2FRQ=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm2ARXEhJiqDLohuXFewFmhAm09N26FzCzEQooeCr uHGhiFufw51v47TNQlt/GPj4zzmcM3+SMqqN7387K6tr6xubpa3y9s7u3r57cNjSMlMEmkQyqToJ1sCo gKahhkEnVYB5wqCdjG6n9fYjKE2leDDjFCKOB4L2KcHGWrF7HOah5DDAcXBRQC2cxG7Fr/ozecsQFFBB hRqx+xX2JMk4CEMY1rob+KmJcqwMJQwm5TDTkGIywgPoWhSYg47y2fkT78w6Pa8vlX3CeDP390SOudZ jnthOjs1QL9am5n+1bmb611FORZoZEGS+qJ8xz0hvmoXXowqIYWMLmChqb/XIECtMjE2sbEMIFr+8DK1 aNfCrwf1lpX5TxFFCJ+gUnaMAXaE6ukMN1EQE5egZvaI358l5cd6dj3nrilPMHKE/cj5/AKW7lUQ=</l atexit>
{!3,!4}
<latexit sha1_base64="PDoyyf5g/R1I+QXBVWt4hzgCJQQ=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURAu6LLpxWcFeoAlhMp20Q+cSZiZCCQVfxY0LRdz6HO58G6dtFtr6w8DHf87hnPnjlFFtPO/bKa2srq1vlDcrW9s7u3vu/kFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE49up/XOI1GaSvFgxikJORoI mlCMjLUi9yjIA8nJAEWX5wXUg0nkVr2aNxNcBr+AKijUjNyvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsCsSJDvPZ+RN4ap0+TKSyTxg4c39P5IhrPeax7eTIDPVibWr+V+tlJrkOcyrSzBCB54uSjEE j4TQL2KeKYMPGFhBW1N4K8RAphI1NrGJD8Be/vAzti5rv1fz7erVxU8RRBsfgBJwBH1yBBrgDTdACGOTgGbyCN+fJeXHenY95a8kpZg7BHzmfP6vllUg=</latexit><latexit sha1_base64="PDoyyf5g/R1I+QXBVWt4hzgCJQQ=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURAu6LLpxWcFeoAlhMp20Q+cSZiZCCQVfxY0LRdz6HO58G6dtFtr6w8DHf87hnPnjlFFtPO/bKa2srq1vlDcrW9s7u3vu/kFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE49up/XOI1GaSvFgxikJORoI mlCMjLUi9yjIA8nJAEWX5wXUg0nkVr2aNxNcBr+AKijUjNyvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsCsSJDvPZ+RN4ap0+TKSyTxg4c39P5IhrPeax7eTIDPVibWr+V+tlJrkOcyrSzBCB54uSjEE j4TQL2KeKYMPGFhBW1N4K8RAphI1NrGJD8Be/vAzti5rv1fz7erVxU8RRBsfgBJwBH1yBBrgDTdACGOTgGbyCN+fJeXHenY95a8kpZg7BHzmfP6vllUg=</latexit><latexit sha1_base64="PDoyyf5g/R1I+QXBVWt4hzgCJQQ=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURAu6LLpxWcFeoAlhMp20Q+cSZiZCCQVfxY0LRdz6HO58G6dtFtr6w8DHf87hnPnjlFFtPO/bKa2srq1vlDcrW9s7u3vu/kFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE49up/XOI1GaSvFgxikJORoI mlCMjLUi9yjIA8nJAEWX5wXUg0nkVr2aNxNcBr+AKijUjNyvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsCsSJDvPZ+RN4ap0+TKSyTxg4c39P5IhrPeax7eTIDPVibWr+V+tlJrkOcyrSzBCB54uSjEE j4TQL2KeKYMPGFhBW1N4K8RAphI1NrGJD8Be/vAzti5rv1fz7erVxU8RRBsfgBJwBH1yBBrgDTdACGOTgGbyCN+fJeXHenY95a8kpZg7BHzmfP6vllUg=</latexit><latexit sha1_base64="PDoyyf5g/R1I+QXBVWt4hzgCJQQ=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURAu6LLpxWcFeoAlhMp20Q+cSZiZCCQVfxY0LRdz6HO58G6dtFtr6w8DHf87hnPnjlFFtPO/bKa2srq1vlDcrW9s7u3vu/kFby0xh0sKSSdWNkSaMCtIy1DDSTRVBPGakE49up/XOI1GaSvFgxikJORoI mlCMjLUi9yjIA8nJAEWX5wXUg0nkVr2aNxNcBr+AKijUjNyvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsCsSJDvPZ+RN4ap0+TKSyTxg4c39P5IhrPeax7eTIDPVibWr+V+tlJrkOcyrSzBCB54uSjEE j4TQL2KeKYMPGFhBW1N4K8RAphI1NrGJD8Be/vAzti5rv1fz7erVxU8RRBsfgBJwBH1yBBrgDTdACGOTgGbyCN+fJeXHenY95a8kpZg7BHzmfP6vllUg=</latexit>
{!5,!6}
<latexit sha1_base64="DpTxc+wZplhHjv+bf5RB2o2Bl2I=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURLwti25cVrAXaEKYTCft0LmEmYlQQsFXceNCEbc+hzvfxmmbhbb+MPDxn3M4Z/44ZVQbz/t2SkvLK6tr5fXKxubW9o67u9fSMlOYNLFkUnVipAmjgjQNNYx0UkUQjxlpx8PbSb39SJSmUjyYUUpCjvqC JhQjY63IPQjyQHLSR9HFaQGXwThyq17Nmwougl9AFRRqRO5X0JM440QYzJDWXd9LTZgjZShmZFwJMk1ShIeoT7oWBeJEh/n0/DE8tk4PJlLZJwycur8ncsS1HvHYdnJkBnq+NjH/q3Uzk1yHORVpZojAs0VJxqC RcJIF7FFFsGEjCwgram+FeIAUwsYmVrEh+PNfXoTWWc33av79ebV+U8RRBofgCJwAH1yBOrgDDdAEGOTgGbyCN+fJeXHenY9Za8kpZvbBHzmfP7IPlUw=</latexit><latexit sha1_base64="DpTxc+wZplhHjv+bf5RB2o2Bl2I=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURLwti25cVrAXaEKYTCft0LmEmYlQQsFXceNCEbc+hzvfxmmbhbb+MPDxn3M4Z/44ZVQbz/t2SkvLK6tr5fXKxubW9o67u9fSMlOYNLFkUnVipAmjgjQNNYx0UkUQjxlpx8PbSb39SJSmUjyYUUpCjvqC JhQjY63IPQjyQHLSR9HFaQGXwThyq17Nmwougl9AFRRqRO5X0JM440QYzJDWXd9LTZgjZShmZFwJMk1ShIeoT7oWBeJEh/n0/DE8tk4PJlLZJwycur8ncsS1HvHYdnJkBnq+NjH/q3Uzk1yHORVpZojAs0VJxqC RcJIF7FFFsGEjCwgram+FeIAUwsYmVrEh+PNfXoTWWc33av79ebV+U8RRBofgCJwAH1yBOrgDDdAEGOTgGbyCN+fJeXHenY9Za8kpZvbBHzmfP7IPlUw=</latexit><latexit sha1_base64="DpTxc+wZplhHjv+bf5RB2o2Bl2I=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURLwti25cVrAXaEKYTCft0LmEmYlQQsFXceNCEbc+hzvfxmmbhbb+MPDxn3M4Z/44ZVQbz/t2SkvLK6tr5fXKxubW9o67u9fSMlOYNLFkUnVipAmjgjQNNYx0UkUQjxlpx8PbSb39SJSmUjyYUUpCjvqC JhQjY63IPQjyQHLSR9HFaQGXwThyq17Nmwougl9AFRRqRO5X0JM440QYzJDWXd9LTZgjZShmZFwJMk1ShIeoT7oWBeJEh/n0/DE8tk4PJlLZJwycur8ncsS1HvHYdnJkBnq+NjH/q3Uzk1yHORVpZojAs0VJxqC RcJIF7FFFsGEjCwgram+FeIAUwsYmVrEh+PNfXoTWWc33av79ebV+U8RRBofgCJwAH1yBOrgDDdAEGOTgGbyCN+fJeXHenY9Za8kpZvbBHzmfP7IPlUw=</latexit><latexit sha1_base64="DpTxc+wZplhHjv+bf5RB2o2Bl2I=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURLwti25cVrAXaEKYTCft0LmEmYlQQsFXceNCEbc+hzvfxmmbhbb+MPDxn3M4Z/44ZVQbz/t2SkvLK6tr5fXKxubW9o67u9fSMlOYNLFkUnVipAmjgjQNNYx0UkUQjxlpx8PbSb39SJSmUjyYUUpCjvqC JhQjY63IPQjyQHLSR9HFaQGXwThyq17Nmwougl9AFRRqRO5X0JM440QYzJDWXd9LTZgjZShmZFwJMk1ShIeoT7oWBeJEh/n0/DE8tk4PJlLZJwycur8ncsS1HvHYdnJkBnq+NjH/q3Uzk1yHORVpZojAs0VJxqC RcJIF7FFFsGEjCwgram+FeIAUwsYmVrEh+PNfXoTWWc33av79ebV+U8RRBofgCJwAH1yBOrgDDdAEGOTgGbyCN+fJeXHenY9Za8kpZvbBHzmfP7IPlUw=</latexit>
{!7,!8}
<latexit sha1_base64="bP0f//5kWCl/zYgm3HicwL4wpac=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURIR2WXTjsoK9QBPCZDpph84lzEyEEgq+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfPHKaPaeN63U1pb39jcKm9Xdnb39g/cw6OOlpnCpI0lk6oXI00YFaRtqGGklyqCeMxINx7fzurdR6I0leLBTFIScjQU NKEYGWtF7kmQB5KTIYrqlwU0gmnkVr2aNxdcBb+AKijUityvYCBxxokwmCGt+76XmjBHylDMyLQSZJqkCI/RkPQtCsSJDvP5+VN4bp0BTKSyTxg4d39P5IhrPeGx7eTIjPRybWb+V+tnJmmEORVpZojAi0VJxqC RcJYFHFBFsGETCwgram+FeIQUwsYmVrEh+MtfXoXOVc33av79dbV5U8RRBqfgDFwAH9RBE9yBFmgDDHLwDF7Bm/PkvDjvzseiteQUM8fgj5zPH7g5lVA=</latexit><latexit sha1_base64="bP0f//5kWCl/zYgm3HicwL4wpac=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURIR2WXTjsoK9QBPCZDpph84lzEyEEgq+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfPHKaPaeN63U1pb39jcKm9Xdnb39g/cw6OOlpnCpI0lk6oXI00YFaRtqGGklyqCeMxINx7fzurdR6I0leLBTFIScjQU NKEYGWtF7kmQB5KTIYrqlwU0gmnkVr2aNxdcBb+AKijUityvYCBxxokwmCGt+76XmjBHylDMyLQSZJqkCI/RkPQtCsSJDvP5+VN4bp0BTKSyTxg4d39P5IhrPeGx7eTIjPRybWb+V+tnJmmEORVpZojAi0VJxqC RcJYFHFBFsGETCwgram+FeIQUwsYmVrEh+MtfXoXOVc33av79dbV5U8RRBqfgDFwAH9RBE9yBFmgDDHLwDF7Bm/PkvDjvzseiteQUM8fgj5zPH7g5lVA=</latexit><latexit sha1_base64="bP0f//5kWCl/zYgm3HicwL4wpac=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURIR2WXTjsoK9QBPCZDpph84lzEyEEgq+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfPHKaPaeN63U1pb39jcKm9Xdnb39g/cw6OOlpnCpI0lk6oXI00YFaRtqGGklyqCeMxINx7fzurdR6I0leLBTFIScjQU NKEYGWtF7kmQB5KTIYrqlwU0gmnkVr2aNxdcBb+AKijUityvYCBxxokwmCGt+76XmjBHylDMyLQSZJqkCI/RkPQtCsSJDvP5+VN4bp0BTKSyTxg4d39P5IhrPeGx7eTIjPRybWb+V+tnJmmEORVpZojAi0VJxqC RcJYFHFBFsGETCwgram+FeIQUwsYmVrEh+MtfXoXOVc33av79dbV5U8RRBqfgDFwAH9RBE9yBFmgDDHLwDF7Bm/PkvDjvzseiteQUM8fgj5zPH7g5lVA=</latexit><latexit sha1_base64="bP0f//5kWCl/zYgm3HicwL4wpac=">AAAB/nicbZDLSsNAFIYn9VbrLSqu 3AwWwYWURIR2WXTjsoK9QBPCZDpph84lzEyEEgq+ihsXirj1Odz5Nk7bLLT1h4GP/5zDOfPHKaPaeN63U1pb39jcKm9Xdnb39g/cw6OOlpnCpI0lk6oXI00YFaRtqGGklyqCeMxINx7fzurdR6I0leLBTFIScjQU NKEYGWtF7kmQB5KTIYrqlwU0gmnkVr2aNxdcBb+AKijUityvYCBxxokwmCGt+76XmjBHylDMyLQSZJqkCI/RkPQtCsSJDvP5+VN4bp0BTKSyTxg4d39P5IhrPeGx7eTIjPRybWb+V+tnJmmEORVpZojAi0VJxqC RcJYFHFBFsGETCwgram+FeIQUwsYmVrEh+MtfXoXOVc33av79dbV5U8RRBqfgDFwAH9RBE9yBFmgDDHLwDF7Bm/PkvDjvzseiteQUM8fgj5zPH7g5lVA=</latexit>
{!9,!10}
<latexit sha1_base64="3MNYHe7wgrGKIExZPeDFqbjZQC4=">AAACAXicbZDLSsNAFIYn9VbrLepG cDNYBBdSEhHUXdGNywr2Ak0Ik+m0HTqXMDMRSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz544RRbTzv2yktLa+srpXXKxubW9s77u5eS8tUYdLEkknViZEmjArSNNQw0kkUQTxmpB2Pbib19gNRmkpxb8YJCTka CNqnGBlrRe5BkAWSkwGKrk4LyHwvD/LIrXo1byq4CH4BVVCoEblfQU/ilBNhMENad30vMWGGlKGYkbwSpJokCI/QgHQtCsSJDrPpBTk8tk4P9qWyTxg4dX9PZIhrPeax7eTIDPV8bWL+V+umpn8ZZlQkqSECzxb 1UwaNhJM4YI8qgg0bW0BYUftXiIdIIWxsaBUbgj9/8iK0zmq+V/Pvzqv16yKOMjgER+AE+OAC1MEtaIAmwOARPINX8OY8OS/Ou/Mxay05xcw++CPn8wf5kZaR</latexit><latexit sha1_base64="3MNYHe7wgrGKIExZPeDFqbjZQC4=">AAACAXicbZDLSsNAFIYn9VbrLepG cDNYBBdSEhHUXdGNywr2Ak0Ik+m0HTqXMDMRSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz544RRbTzv2yktLa+srpXXKxubW9s77u5eS8tUYdLEkknViZEmjArSNNQw0kkUQTxmpB2Pbib19gNRmkpxb8YJCTka CNqnGBlrRe5BkAWSkwGKrk4LyHwvD/LIrXo1byq4CH4BVVCoEblfQU/ilBNhMENad30vMWGGlKGYkbwSpJokCI/QgHQtCsSJDrPpBTk8tk4P9qWyTxg4dX9PZIhrPeax7eTIDPV8bWL+V+umpn8ZZlQkqSECzxb 1UwaNhJM4YI8qgg0bW0BYUftXiIdIIWxsaBUbgj9/8iK0zmq+V/Pvzqv16yKOMjgER+AE+OAC1MEtaIAmwOARPINX8OY8OS/Ou/Mxay05xcw++CPn8wf5kZaR</latexit><latexit sha1_base64="3MNYHe7wgrGKIExZPeDFqbjZQC4=">AAACAXicbZDLSsNAFIYn9VbrLepG cDNYBBdSEhHUXdGNywr2Ak0Ik+m0HTqXMDMRSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz544RRbTzv2yktLa+srpXXKxubW9s77u5eS8tUYdLEkknViZEmjArSNNQw0kkUQTxmpB2Pbib19gNRmkpxb8YJCTka CNqnGBlrRe5BkAWSkwGKrk4LyHwvD/LIrXo1byq4CH4BVVCoEblfQU/ilBNhMENad30vMWGGlKGYkbwSpJokCI/QgHQtCsSJDrPpBTk8tk4P9qWyTxg4dX9PZIhrPeax7eTIDPV8bWL+V+umpn8ZZlQkqSECzxb 1UwaNhJM4YI8qgg0bW0BYUftXiIdIIWxsaBUbgj9/8iK0zmq+V/Pvzqv16yKOMjgER+AE+OAC1MEtaIAmwOARPINX8OY8OS/Ou/Mxay05xcw++CPn8wf5kZaR</latexit><latexit sha1_base64="3MNYHe7wgrGKIExZPeDFqbjZQC4=">AAACAXicbZDLSsNAFIYn9VbrLepG cDNYBBdSEhHUXdGNywr2Ak0Ik+m0HTqXMDMRSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz544RRbTzv2yktLa+srpXXKxubW9s77u5eS8tUYdLEkknViZEmjArSNNQw0kkUQTxmpB2Pbib19gNRmkpxb8YJCTka CNqnGBlrRe5BkAWSkwGKrk4LyHwvD/LIrXo1byq4CH4BVVCoEblfQU/ilBNhMENad30vMWGGlKGYkbwSpJokCI/QgHQtCsSJDrPpBTk8tk4P9qWyTxg4dX9PZIhrPeax7eTIDPV8bWL+V+umpn8ZZlQkqSECzxb 1UwaNhJM4YI8qgg0bW0BYUftXiIdIIWxsaBUbgj9/8iK0zmq+V/Pvzqv16yKOMjgER+AE+OAC1MEtaIAmwOARPINX8OY8OS/Ou/Mxay05xcw++CPn8wf5kZaR</latexit>
{!1,!2, . . . ,!10}
<latexit sha1_base64="mH3c1eWJLBWJ9CillXBWTDz+vzw=">AAACFHicbZDLSsNAFIYnXmu9RV26 GSyCoJSkCLosunFZwV6gCWEymbRDZzJhZiKUkIdw46u4caGIWxfufBunbRBt/WHg4z/ncOb8Ycqo0o7zZS0tr6yurVc2qptb2zu79t5+R4lMYtLGggnZC5EijCakralmpJdKgnjISDccXU/q3XsiFRXJnR6nxOdo kNCYYqSNFdinXu4JTgYocM9gSQ1DLBJa/Ti56xReEdg1p+5MBRfBLaEGSrUC+9OLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvsEEcaL8fHpUAY+NE8FYSPMSDafu74kccaXGPDSdHOmhmq9NzP9q/UzHl35 OkzTTJMGzRXHGoBZwkhCMqCRYs7EBhCU1f4V4iCTC2uRYNSG48ycvQqdRd526e3tea16VcVTAITgCJ8AFF6AJbkALtAEGD+AJvIBX69F6tt6s91nrklXOHIA/sj6+AecQnXc=</latexit><latexit sha1_base64="mH3c1eWJLBWJ9CillXBWTDz+vzw=">AAACFHicbZDLSsNAFIYnXmu9RV26 GSyCoJSkCLosunFZwV6gCWEymbRDZzJhZiKUkIdw46u4caGIWxfufBunbRBt/WHg4z/ncOb8Ycqo0o7zZS0tr6yurVc2qptb2zu79t5+R4lMYtLGggnZC5EijCakralmpJdKgnjISDccXU/q3XsiFRXJnR6nxOdo kNCYYqSNFdinXu4JTgYocM9gSQ1DLBJa/Ti56xReEdg1p+5MBRfBLaEGSrUC+9OLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvsEEcaL8fHpUAY+NE8FYSPMSDafu74kccaXGPDSdHOmhmq9NzP9q/UzHl35 OkzTTJMGzRXHGoBZwkhCMqCRYs7EBhCU1f4V4iCTC2uRYNSG48ycvQqdRd526e3tea16VcVTAITgCJ8AFF6AJbkALtAEGD+AJvIBX69F6tt6s91nrklXOHIA/sj6+AecQnXc=</latexit><latexit sha1_base64="mH3c1eWJLBWJ9CillXBWTDz+vzw=">AAACFHicbZDLSsNAFIYnXmu9RV26 GSyCoJSkCLosunFZwV6gCWEymbRDZzJhZiKUkIdw46u4caGIWxfufBunbRBt/WHg4z/ncOb8Ycqo0o7zZS0tr6yurVc2qptb2zu79t5+R4lMYtLGggnZC5EijCakralmpJdKgnjISDccXU/q3XsiFRXJnR6nxOdo kNCYYqSNFdinXu4JTgYocM9gSQ1DLBJa/Ti56xReEdg1p+5MBRfBLaEGSrUC+9OLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvsEEcaL8fHpUAY+NE8FYSPMSDafu74kccaXGPDSdHOmhmq9NzP9q/UzHl35 OkzTTJMGzRXHGoBZwkhCMqCRYs7EBhCU1f4V4iCTC2uRYNSG48ycvQqdRd526e3tea16VcVTAITgCJ8AFF6AJbkALtAEGD+AJvIBX69F6tt6s91nrklXOHIA/sj6+AecQnXc=</latexit><latexit sha1_base64="mH3c1eWJLBWJ9CillXBWTDz+vzw=">AAACFHicbZDLSsNAFIYnXmu9RV26 GSyCoJSkCLosunFZwV6gCWEymbRDZzJhZiKUkIdw46u4caGIWxfufBunbRBt/WHg4z/ncOb8Ycqo0o7zZS0tr6yurVc2qptb2zu79t5+R4lMYtLGggnZC5EijCakralmpJdKgnjISDccXU/q3XsiFRXJnR6nxOdo kNCYYqSNFdinXu4JTgYocM9gSQ1DLBJa/Ti56xReEdg1p+5MBRfBLaEGSrUC+9OLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvsEEcaL8fHpUAY+NE8FYSPMSDafu74kccaXGPDSdHOmhmq9NzP9q/UzHl35 OkzTTJMGzRXHGoBZwkhCMqCRYs7EBhCU1f4V4iCTC2uRYNSG48ycvQqdRd526e3tea16VcVTAITgCJ8AFF6AJbkALtAEGD+AJvIBX69F6tt6s91nrklXOHIA/sj6+AecQnXc=</latexit>
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!1
<latexit sha1_base64="Bl2rA/NWbRCFDnjFh/hl59 VZ4fg=">AAAB73icbVA9SwNBEJ3zM8avqGBjsxgEq3Bno2XQxjIB8wHJEfc2c8mS3b1zd08IIX/CxkIRW/+OnY 2/xc1HoYkPBh7vzTAzL0oFN9b3v7yV1bX1jc3cVn57Z3dvv3BwWDdJphnWWCIS3YyoQcEV1iy3ApupRiojgY1o cDPxG4+oDU/UnR2mGEraUzzmjFonNduJxB7tBJ1C0S/5U5BlEsxJsXxc/b4HgEqn8NnuJiyTqCwT1JhW4Kc2HFF tORM4zrczgyllA9rDlqOKSjThaHrvmJw5pUviRLtSlkzV3xMjKo0Zysh1Smr7ZtGbiP95rczGV+GIqzSzqNhsU ZwJYhMyeZ50uUZmxdARyjR3txLWp5oy6yLKuxCCxZeXSf2iFPiloOrSuIYZcnACp3AOAVxCGW6hAjVgIOAJXuD Ve/CevTfvfda64s1njuAPvI8fRu6RoA==</latexit><latexit sha1_base64="hSEGFmZmDFtrGwFXJ3n/qs HQbzs=">AAAB73icbVC7SgNBFJ31GeMrKtjYDAbBKuzaaBliY5mAeUCyhNnJ3WTIPNaZWSEs+QkbC0VsLfwLv8 DOxm9x8ig08cCFwzn3cu89UcKZsb7/5a2srq1vbOa28ts7u3v7hYPDhlGpplCniivdiogBziTULbMcWokGIiIO zWh4PfGb96ANU/LWjhIIBelLFjNKrJNaHSWgT7pBt1D0S/4UeJkEc1IsH9e+2Xvlo9otfHZ6iqYCpKWcGNMO/MS GGdGWUQ7jfCc1kBA6JH1oOyqJABNm03vH+MwpPRwr7UpaPFV/T2REGDMSkesUxA7MojcR//PaqY2vwozJJLUg6 WxRnHJsFZ48j3tMA7V85AihmrlbMR0QTah1EeVdCMHiy8ukcVEK/FJQc2lU0Aw5dIJO0TkK0CUqoxtURXVEEUc P6Ak9e3feo/fivc5aV7z5zBH6A+/tB5gvk1w=</latexit><latexit sha1_base64="hSEGFmZmDFtrGwFXJ3n/qs HQbzs=">AAAB73icbVC7SgNBFJ31GeMrKtjYDAbBKuzaaBliY5mAeUCyhNnJ3WTIPNaZWSEs+QkbC0VsLfwLv8 DOxm9x8ig08cCFwzn3cu89UcKZsb7/5a2srq1vbOa28ts7u3v7hYPDhlGpplCniivdiogBziTULbMcWokGIiIO zWh4PfGb96ANU/LWjhIIBelLFjNKrJNaHSWgT7pBt1D0S/4UeJkEc1IsH9e+2Xvlo9otfHZ6iqYCpKWcGNMO/MS GGdGWUQ7jfCc1kBA6JH1oOyqJABNm03vH+MwpPRwr7UpaPFV/T2REGDMSkesUxA7MojcR//PaqY2vwozJJLUg6 WxRnHJsFZ48j3tMA7V85AihmrlbMR0QTah1EeVdCMHiy8ukcVEK/FJQc2lU0Aw5dIJO0TkK0CUqoxtURXVEEUc P6Ak9e3feo/fivc5aV7z5zBH6A+/tB5gvk1w=</latexit><latexit sha1_base64="JxuqdejcKGAYECcYB07OCy Hd4z8=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mkiV7u+funhCO/AkbC0Vs/Tt2/h s3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctozLNsMmUULoTUYOCS2xabgV2Uo00iQS2o/Ht zG8/oTZcyQc7STFM6FDymDNqndTpqQSHtB/0K1W/5s9BVklQkCoUaPQrX72BYlmC0jJBjekGfmrDnGrLmcBpuZc ZTCkb0yF2HZU0QRPm83un5NwpAxIr7UpaMld/T+Q0MWaSRK4zoXZklr2Z+J/XzWx8HeZcpplFyRaL4kwQq8jse TLgGpkVE0co09zdStiIasqsi6jsQgiWX14lrcta4NeCe79avyniKMEpnMEFBHAFdbiDBjSBgYBneIU379F78d6 9j0XrmlfMnMAfeJ8/uEePuw==</latexit>
!2
<latexit sha1_base64="iy2RXKugOM99VF9jM6gd3V lVbZM=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMJuGi2DNpYJmAckS5ydzCZD5rHOzAphyU/YWChi6+/Y2f gtTh6FJh64cDjnXu69J0o4M9b3v7zc2vrG5lZ+u7Czu7d/UDw8ahqVakIbRHGl2xE2lDNJG5ZZTtuJplhEnLai 0c3Ubz1SbZiSd3ac0FDggWQxI9g6qd1Vgg5wr9IrlvyyPwNaJcGClKon9e97AKj1ip/dviKpoNISjo3pBH5iwwx rywink0I3NTTBZIQHtOOoxIKaMJvdO0HnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aJa9qfif10ltfBVmTCappZLMF 8UpR1ah6fOozzQllo8dwUQzdysiQ6wxsS6iggshWH55lTQr5cAvB3WXxjXMkYdTOIMLCOASqnALNWgAAQ5P8AK v3oP37L157/PWnLeYOYY/8D5+AEhykaE=</latexit><latexit sha1_base64="bELcQjb2j6+jT9ctnK155d R+1AM=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMJuGi1DbCwTMA9IljA7mSRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmtA6UVzpVoQN5UzSumWW01asKRYR p81odD31m/dUG6bkrR3HNBR4IFmfEWyd1OooQQe4W+rmC37RnwGtkmBBCuWT2jd7r3xUu/nPTk+RRFBpCcfGtAM /tmGKtWWE00mukxgaYzLCA9p2VGJBTZjO7p2gc6f0UF9pV9Kimfp7IsXCmLGIXKfAdmiWvan4n9dObP8qTJmME 0slmS/qJxxZhabPox7TlFg+dgQTzdytiAyxxsS6iHIuhGD55VXSKBUDvxjUXBoVmCMLp3AGFxDAJZThBqpQBwI cHuAJnr0779F78V7nrRlvMXMMf+C9/QCZs5Nd</latexit><latexit sha1_base64="bELcQjb2j6+jT9ctnK155d R+1AM=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMJuGi1DbCwTMA9IljA7mSRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmtA6UVzpVoQN5UzSumWW01asKRYR p81odD31m/dUG6bkrR3HNBR4IFmfEWyd1OooQQe4W+rmC37RnwGtkmBBCuWT2jd7r3xUu/nPTk+RRFBpCcfGtAM /tmGKtWWE00mukxgaYzLCA9p2VGJBTZjO7p2gc6f0UF9pV9Kimfp7IsXCmLGIXKfAdmiWvan4n9dObP8qTJmME 0slmS/qJxxZhabPox7TlFg+dgQTzdytiAyxxsS6iHIuhGD55VXSKBUDvxjUXBoVmCMLp3AGFxDAJZThBqpQBwI cHuAJnr0779F78V7nrRlvMXMMf+C9/QCZs5Nd</latexit><latexit sha1_base64="iJdZYRzOHqzrkuH63qE8VX wvnZA=">AAAB73icbVDLTgJBEOzFF+IL9ehlIzHxRHa56JHoxSMm8khgQ2aHXpgwj3Vm1oQQfsKLB43x6u9482 8cYA8KVtJJpao73V1xypmxQfDtFTY2t7Z3irulvf2Dw6Py8UnLqExTbFLFle7ExCBnEpuWWY6dVCMRMcd2PL6d ++0n1IYp+WAnKUaCDCVLGCXWSZ2eEjgk/Vq/XAmqwQL+OglzUoEcjX75qzdQNBMoLeXEmG4YpDaaEm0Z5Tgr9TK DKaFjMsSuo5IINNF0ce/Mv3DKwE+UdiWtv1B/T0yJMGYiYtcpiB2ZVW8u/ud1M5tcR1Mm08yipMtFScZ9q/z58 /6AaaSWTxwhVDN3q09HRBNqXUQlF0K4+vI6adWqYVAN74NK/SaPowhncA6XEMIV1OEOGtAEChye4RXevEfvxXv 3PpatBS+fOYU/8D5/ALnLj7w=</latexit>
!3
<latexit sha1_base64="+/EwHXWHPAt/DLb4IAnTu6 ZcTf8=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuFloGbSwTMA9Iljg7mU2GzGOdmRXCkp+wsVDE1t+xs/ FbnDwKTTxw4XDOvdx7T5RwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1G w5uJ33yk2jAl7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTO sLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18VWYMZmklkoyW xSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd 49R68Z+/Ne5+15rz5zCH8gffxA0n2kaI=</latexit><latexit sha1_base64="yf/TyBBRjXLGEyR7YfJOr4 bQ2l0=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuFlqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7QebN5Ne</latexit><latexit sha1_base64="yf/TyBBRjXLGEyR7YfJOr4 bQ2l0=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuFlqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7QebN5Ne</latexit><latexit sha1_base64="cHD34vM4ry77zguUi2OX7x fJMzY=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe600DJoYxnBfEByhL3NXLJk9/bc3RNCyJ+wsVDE1r9j57 9xk1yhiQ8GHu/NMDMvSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1u Z37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWup mBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxYQtFsWZIFaR2 fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K 9ex+L1oKXzxzDH3ifP7tPj70=</latexit>
!4
<latexit sha1_base64="xfyGt3Go3ISmBHUf+92XnL cvYPE=">AAAB73icbVDJSgNBEK2JW4xbVPDipTEInsKMCHoMevGYgFkgGWJPpydp0svY3SOEIT/hxYMiXv0db1 78FjvLQRMfFDzeq6KqXpRwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1G w5uJ33yk2jAl7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTO sLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18VWYMZmklkoyW xSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd 49R68Z+/Ne5+15rz5zCH8gffxA0t6kaM=</latexit><latexit sha1_base64="U1tJz9imrJHMKV8w7tEddU tJDrE=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuCFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7Qecu5Nf</latexit><latexit sha1_base64="U1tJz9imrJHMKV8w7tEddU tJDrE=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuCFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7Qecu5Nf</latexit><latexit sha1_base64="01qGGHCQh1OjHsZP4exn2q 73wQM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73v wbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1u Z37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWup mBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxYQtFsWZIFaR2 fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K 9ex+L1oKXzxzDH3ifP7zTj74=</latexit>
!5
<latexit sha1_base64="92NX6nfTw03riNEM8LaVIq OlG68=">AAAB73icbVDJSgNBEK2JW4xbVPDipTEInsKMIHoMevGYgFkgGWJPpydp0svY3SOEIT/hxYMiXv0db1 78FjvLQRMfFDzeq6KqXpRwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1G w5uJ33yk2jAl7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTO sLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18VWYMZmklkoyW xSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd 49R68Z+/Ne5+15rz5zCH8gffxA0z+kaQ=</latexit><latexit sha1_base64="r5znSO29sbG0VHJ95Y/9ws Bs4HA=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuIFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7QeeP5Ng</latexit><latexit sha1_base64="r5znSO29sbG0VHJ95Y/9ws Bs4HA=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuIFqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7QeeP5Ng</latexit><latexit sha1_base64="GpaUXhIYwfW461WFOrliaT VaYcw=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewKosegF48RzAOSJcxOepMhMzvrzKwQQn7CiwdFvPo73v wbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1u Z37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWup mBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxYQtFsWZIFaR2 fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K 9ex+L1oKXzxzDH3ifP75Xj78=</latexit>
!6
<latexit sha1_base64="aUEqAhNOEIRxCg0HLAyZjP b5VjU=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuhVoGbSwTMA9Iljg7mU2GzGOdmRXCkp+wsVDE1t+xs/ FbnDwKTTxw4XDOvdx7T5RwZqzvf3m5ldW19Y38ZmFre2d3r7h/0DAq1YTWieJKtyJsKGeS1i2znLYSTbGIOG1G w5uJ33yk2jAl7+wooaHAfcliRrB1UqujBO3j7kW3WPLL/hRomQRzUqoc1b7vAaDaLX52eoqkgkpLODamHfiJDTO sLSOcjgud1NAEkyHu07ajEgtqwmx67xidOqWHYqVdSYum6u+JDAtjRiJynQLbgVn0JuJ/Xju18VWYMZmklkoyW xSnHFmFJs+jHtOUWD5yBBPN3K2IDLDGxLqICi6EYPHlZdI4Lwd+Oai5NK5hhjwcwwmcQQCXUIFbqEIdCHB4ghd 49R68Z+/Ne5+15rz5zCH8gffxA06CkaU=</latexit><latexit sha1_base64="CW3W64LXK/wFsAivQEMFD4 wfMzg=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuhVqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7Qefw5Nh</latexit><latexit sha1_base64="CW3W64LXK/wFsAivQEMFD4 wfMzg=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuhVqG2FgmYB6QhDA7mU2GzGOdmRXCkp+wsVDE1sK/8A vsbPwWJ49CEw9cOJxzL/feE8acGev7X15mZXVtfSO7mdva3tndy+8f1I1KNKE1orjSzRAbypmkNcssp81YUyxC Thvh8HriN+6pNkzJWzuKaUfgvmQRI9g6qdlWgvZx96KbL/hFfwq0TII5KZSOqt/svfxR6eY/2z1FEkGlJRwb0wr 82HZSrC0jnI5z7cTQGJMh7tOWoxILajrp9N4xOnVKD0VKu5IWTdXfEykWxoxE6DoFtgOz6E3E/7xWYqOrTspkn FgqyWxRlHBkFZo8j3pMU2L5yBFMNHO3IjLAGhPrIsq5EILFl5dJ/bwY+MWg6tIowwxZOIYTOIMALqEEN1CBGhD g8ABP8OzdeY/ei/c6a81485lD+APv7Qefw5Nh</latexit><latexit sha1_base64="jb8C0d1ZwYwJBMWp2X/vmf 6OzDU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe4s1DJoYxnBfEByhL3NXLJk9/bc3RNCyJ+wsVDE1r9j57 9xk1yhiQ8GHu/NMDMvSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUPMGG5VZgO9VIZSSwFY1u Z37rCbXhKnmw4xRDSQcJjzmj1kntrpI4oL3LXrniV/05yCoJclKBHPVe+avbVyyTmFgmqDGdwE9tOKHaciZwWup mBlPKRnSAHUcTKtGEk/m9U3LmlD6JlXaVWDJXf09MqDRmLCPXKakdmmVvJv7ndTIbX4cTnqSZxYQtFsWZIFaR2 fOkzzUyK8aOUKa5u5WwIdWUWRdRyYUQLL+8SpoX1cCvBvd+pXaTx1GEEziFcwjgCmpwB3VoAAMBz/AKb96j9+K 9ex+L1oKXzxzDH3ifP7/bj8A=</latexit>
!7
<latexit sha1_base64="pBGaDBBDaNUNMG4gcK5IPx yO95Y=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKuTSyDNpYJmAckS5ydzCZD5rHOzAphyU/YWChi6+/Y2f gtTh6FJh64cDjnXu69J0o4M9b3v7zc2vrG5lZ+u7Czu7d/UDw8ahqVakIbRHGl2xE2lDNJG5ZZTtuJplhEnLai 0c3Ubz1SbZiSd3ac0FDggWQxI9g6qd1Vgg5wr9IrlvyyPwNaJcGClKon9e97AKj1ip/dviKpoNISjo3pBH5iwwx rywink0I3NTTBZIQHtOOoxIKaMJvdO0HnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aJa9qfif10ltfBVmTCappZLMF 8UpR1ah6fOozzQllo8dwUQzdysiQ6wxsS6iggshWH55lTQvy4FfDuoujWuYIw+ncAYXEEAFqnALNWgAAQ5P8AK v3oP37L157/PWnLeYOYY/8D5+AFAGkaY=</latexit><latexit sha1_base64="G8SYklfjDm9VJaFYgekuH0 aqHaA=">AAAB73icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXJpYhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4 NKPR9dRv3oM2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9 tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7H9qzBlMk4sS Dpf1E84tgpPn8c9poFaPnaEUM3crZgOiSbUuohyLoRg+eVV0rgsBn4xqLk0KmiOLDpFZ+gCBaiEyugGVVEdUcT RA3pCz96d9+i9eK/z1oy3mDlGf+C9/QChR5Ni</latexit><latexit sha1_base64="G8SYklfjDm9VJaFYgekuH0 aqHaA=">AAAB73icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXJpYhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4 NKPR9dRv3oM2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9 tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7H9qzBlMk4sS Dpf1E84tgpPn8c9poFaPnaEUM3crZgOiSbUuohyLoRg+eVV0rgsBn4xqLk0KmiOLDpFZ+gCBaiEyugGVVEdUcT RA3pCz96d9+i9eK/z1oy3mDlGf+C9/QChR5Ni</latexit><latexit sha1_base64="LOzbuXe3oAAi0+8ZsuyOI3 UXpuE=">AAAB73icbVDLTgJBEOzFF+IL9ehlIzHxRHa94JHoxSMm8khgQ2aHXpgwj3Vm1oQQfsKLB43x6u9482 8cYA8KVtJJpao73V1xypmxQfDtFTY2t7Z3irulvf2Dw6Py8UnLqExTbFLFle7ExCBnEpuWWY6dVCMRMcd2PL6d ++0n1IYp+WAnKUaCDCVLGCXWSZ2eEjgk/Vq/XAmqwQL+OglzUoEcjX75qzdQNBMoLeXEmG4YpDaaEm0Z5Tgr9TK DKaFjMsSuo5IINNF0ce/Mv3DKwE+UdiWtv1B/T0yJMGYiYtcpiB2ZVW8u/ud1M5tcR1Mm08yipMtFScZ9q/z58 /6AaaSWTxwhVDN3q09HRBNqXUQlF0K4+vI6aV1Vw6Aa3geV+k0eRxHO4BwuIYQa1OEOGtAEChye4RXevEfvxXv 3PpatBS+fOYU/8D5/AMFfj8E=</latexit>
!8
<latexit sha1_base64="IVQyzDaOrRinNz8/untYBK gdcv8=">AAAB73icbVC7SgNBFL0bXzG+ooKNzWAQrMKujSmDNpYJmAckS5ydzCZD5rHOzAphyU/YWChi6+/Y2f gtTh6FJh64cDjnXu69J0o4M9b3v7zc2vrG5lZ+u7Czu7d/UDw8ahqVakIbRHGl2xE2lDNJG5ZZTtuJplhEnLai 0c3Ubz1SbZiSd3ac0FDggWQxI9g6qd1Vgg5wr9IrlvyyPwNaJcGClKon9e97AKj1ip/dviKpoNISjo3pBH5iwwx rywink0I3NTTBZIQHtOOoxIKaMJvdO0HnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aJa9qfif10ltXAkzJpPUUknmi +KUI6vQ9HnUZ5oSy8eOYKKZuxWRIdaYWBdRwYUQLL+8SpqX5cAvB3WXxjXMkYdTOIMLCOAKqnALNWgAAQ5P8AK v3oP37L157/PWnLeYOYY/8D5+AFGKkac=</latexit><latexit sha1_base64="WaGr+e+0mwEs47M8iDdzpz 1HWoQ=">AAAB73icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXxpQhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4 NKPR9dRv3oM2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9 tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7H9UpgyGScWJ J0v6iccW4Wnz+Me00AtHztCqGbuVkyHRBNqXUQ5F0Kw/PIqaVwWA78Y1FwaFTRHFp2iM3SBAnSFyugGVVEdUcT RA3pCz96d9+i9eK/z1oy3mDlGf+C9/QCiy5Nj</latexit><latexit sha1_base64="WaGr+e+0mwEs47M8iDdzpz 1HWoQ=">AAAB73icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXxpQhNpYJmAckS5id3CRD5rHOzAphyU/YWChia+Ff+A V2Nn6Lk0ehiQcuHM65l3vviWLOjPX9Ly+ztr6xuZXdzu3s7u0f5A+PGkYlmkKdKq50KyIGOJNQt8xyaMUaiIg4 NKPR9dRv3oM2TMlbO44hFGQgWZ9RYp3U6igBA9ItdfMFv+jPgFdJsCCF8kntm71XPqrd/Genp2giQFrKiTHtwI9 tmBJtGeUwyXUSAzGhIzKAtqOSCDBhOrt3gs+d0sN9pV1Ji2fq74mUCGPGInKdgtihWfam4n9eO7H9UpgyGScWJ J0v6iccW4Wnz+Me00AtHztCqGbuVkyHRBNqXUQ5F0Kw/PIqaVwWA78Y1FwaFTRHFp2iM3SBAnSFyugGVVEdUcT RA3pCz96d9+i9eK/z1oy3mDlGf+C9/QCiy5Nj</latexit><latexit sha1_base64="BJGr4k1douzr0gdfJdK/Qj B9YCo=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm0sYxgPiA5wt5mkizZ3Tt394Rw5E/YWChi69+x89 +4Sa7QxAcDj/dmmJkXJYIb6/vfXmFjc2t7p7hb2ts/ODwqH5+0TJxqhk0Wi1h3ImpQcIVNy63ATqKRykhgO5rc zv32E2rDY/VgpwmGko4UH3JGrZM6vVjiiPZr/XLFr/oLkHUS5KQCORr98ldvELNUorJMUGO6gZ/YMKPaciZwVuq lBhPKJnSEXUcVlWjCbHHvjFw4ZUCGsXalLFmovycyKo2Zysh1SmrHZtWbi/953dQOa2HGVZJaVGy5aJgKYmMyf 54MuEZmxdQRyjR3txI2ppoy6yIquRCC1ZfXSeuqGvjV4N6v1G/yOIpwBudwCQFcQx3uoAFNYCDgGV7hzXv0Xrx 372PZWvDymVP4A+/zB8Ljj8I=</latexit>
!9
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Convex hull
Fig. 5. Top: (a) An example of a star-shaped polygonal obstacle and the corresponding
ωj functions, (b) Level curves of the corresponding implicit function β for p = 2, (c)
Level curves of the corresponding implicit function β for p = 20, Bottom: The AND-OR
tree, constructed by the algorithm described in Section B.2 to represent this polygon.
The polygon is split at the vertices of the convex hull to generate five subchains at depth
1. Each of these subchains is then split into two subchains at depth 2. The subchains at
depth 2 (1) are combined via disjunction (conjunction), since they meet at non-convex
(convex) vertices of the original polygon. Following this procedure, we get our implicit
function β = ¬ ((ω1 ∨ ω2) ∧ (ω3 ∨ ω4) ∧ (ω5 ∨ ω6) ∧ (ω7 ∨ ω8) ∧ (ω9 ∨ ω10)).
B.3 R-functions as Approximations of the Distance Function
It is important to mention that, away from the corners and in a neighborhood
of the polygon, normalized R-functions constructed using (57)-(59) behave as
smooth p-th order approximations of the (non-differentiable) distance function
to the polygon, as shown in Fig. 5-(b),(c). The reader is referred to [32] for
more details; in our setting, a sufficient condition for normalization is to make
sure that for each ωj given in (60), the corresponding normal vector nj has unit
norm [32].
This property is quite useful for our purposes, as it endows the implicit
representation of our polygons with a physical meaning; this facilitates the choice
of εi for each known star-shaped obstacle i, compared to other representations
(e.g. the homogeneous function representations in [27]). Finally, the distance-
like behavior of the R-functions guarantees that Assumption 1-(c) is satisfied for
each star-shaped obstacle, as demonstrated in Fig. 5. Numerical experimentation
showed that even p = 2 gives sufficiently good results in our setting.
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C Calculation of Dxξ
We can calculate
∂[Dxh]11
∂x
=
M∑
j=1
[
2σj
∂νj
∂x
+ 2(νj − 1)∂σj
∂x
+ 2(x− x∗j )
∂σj
∂x
∂νj
∂x
+(x− x∗j )σj
∂2νj
∂x2
+ (x− x∗j )(νj − 1)
∂2σj
∂x2
]
(61)
∂[Dxh]11
∂y
=
M∑
j=1
[
σj
∂νj
∂y
+ (νj − 1)∂σj
∂y
+ (x− x∗j )
∂σj
∂y
∂νj
∂x
+ (x− x∗j )σj
∂2νj
∂x∂y
+(x− x∗j )
∂σj
∂x
∂νj
∂y
+ (x− x∗j )(νj − 1)
∂2σj
∂x∂y
]
(62)
∂[Dxh]12
∂x
=
M∑
j=1
[
σj
∂νj
∂y
+ (x− x∗j )
∂σj
∂x
∂νj
∂y
+ (x− x∗j )σj
∂2νj
∂x∂y
+(νj − 1)∂σj
∂y
+ (x− x∗j )
∂σj
∂y
∂νj
∂x
+ (x− x∗j )(νj − 1)
∂2σj
∂x∂y
]
(63)
∂[Dxh]12
∂y
=
M∑
j=1
[
2(x− x∗j )
∂σj
∂y
∂νj
∂y
+ (x− x∗j )σj
∂2νj
∂y2
+(x− x∗j )(νj − 1)
∂2σj
∂y2
]
(64)
∂[Dxh]21
∂x
=
M∑
j=1
[
2(y − y∗j )
∂σj
∂x
∂νj
∂x
+ (y − y∗j )σj
∂2νj
∂x2
+(y − y∗j )(νj − 1)
∂2σj
∂x2
]
(65)
∂[Dxh]21
∂y
=
M∑
j=1
[
σj
∂νj
∂x
+ (y − y∗j )
∂σj
∂y
∂νj
∂x
+ (y − y∗j )σj
∂2νj
∂x∂y
+(νj − 1)∂σj
∂x
+ (y − y∗j )
∂σj
∂x
∂νj
∂y
+ (y − y∗j )(νj − 1)
∂2σj
∂x∂y
]
(66)
∂[Dxh]22
∂x
=
M∑
j=1
[
σj
∂νj
∂x
+ (νj − 1)∂σj
∂x
+ (y − y∗j )
∂σj
∂x
∂νj
∂y
+ (y − y∗j )σj
∂2νj
∂x∂y
+(y − y∗j )
∂σj
∂y
∂νj
∂x
+ (y − y∗j )(νj − 1)
∂2σj
∂x∂y
]
(67)
∂[Dxh]22
∂y
=
M∑
j=1
[
2σj
∂νj
∂y
+ 2(νj − 1)∂σj
∂y
+ 2(y − y∗j )
∂σj
∂y
∂νj
∂y
+σj(y − y∗j )
∂2νj
∂y2
+ (y − y∗j )(νj − 1)
∂2σj
∂y2
]
(68)
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In the expressions above, we use elements of the Hessians
∇2σj(x) =η′′(βj(x))(∇βj(x))(∇βj(x))> + η′(βj(x))∇2βj(x) (69)
∇2νj(x) = 3ρj||x− x∗j ||5
(x− x∗j )(x− x∗j )> −
ρj
||x− x∗j ||3
I (70)
Eventually we can calculate vDxξ
[
cosψ sinψ
]>
, used in (25), as follows
vDxξ
[
cosψ
sinψ
]
=
(α1β1 + α2β2)v
||e(x, ψ)||2 (71)
with
α1 =− ([Dxh]21 cosψ + [Dxh]22 sinψ) (72)
α2 =[Dxh]11 cosψ + [Dxh]12 sinψ (73)
β1 =
∂[Dxh]11
∂x
cos2 ψ +
(
[Dxh]11
∂y
+
[Dxh]12
∂x
)
sinψ cosψ +
∂[Dxh]12
∂y
sin2 ψ
(74)
β2 =
∂[Dxh]21
∂x
cos2 ψ +
(
[Dxh]21
∂y
+
[Dxh]22
∂x
)
sinψ cosψ +
∂[Dxh]22
∂y
sin2 ψ
(75)
